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PREFACE. 



The following pages contain the Practical Eules in Plane and 
Spherical Trigonometry. The investigations of these Rules, 
requiring some knowledge of Mathematics, are- given in the 
Second Part of this treatise. The present volume is made 
to consist entirely of the Rules and their applications, and 
the demonstrations are placed in Part 11., in order that the 
student may be enabled to proceed with Problems in Survey- 
ing, l^avigation, and Astronomy, as soon as he is acquainted 
with vulgar and decimal fractions, and has acquired a suffi- 
cient knowledge of algebra to work an easy equation. 

The Problems at the end of the book have been selected 
chiefly for Naval Students ; most of them can be solved by 
means of the Rules contained in the book. The Problems 
marked with 'the letter (a) have been added for the use of 
those who have already made some progress in Mathematics : 
these cannot be solved by a simple application of the Rules ; 
they will present, however, little difficulty to the student who 
has made himself acquainted with the contents of Part IL 

The table of log. haversines* contained in Inman's Nau- 

* This table, under the name of logarithmio versed sines, may be 
found in Mendoza Rioe, calculated to five places of decimals ; the 
table in None, called log.^ritmg, may be formed from it by the addi- 
tion of the constant log. 5*80103. The above table of Mendosa Bios 
was re-calculated by the Author of the present WQrk, and caj^ied to 
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VI PREFACE. 

tical Tables, and now generally known to Naval Students, 
reduces considerably the labour of working out some of the 
Problems in Navigation : it may also be applied with^ equal 
advantage to the principal cases in Plane and Spherical Tri- 
gonometry. Eules have, accordingly, been now for the first 
time adapted to this table.* Other rules are also given for 
the same cases suited to the Logarithmic Tables in more 
general use, such as Hutton's, or those in Norie's or Eiddle's 
works on Navigation. 

The young student who may use this volume as an Intro- 
duction TO Navigation will not find it necessary to read, at 
first, more than a certain portion of it. The Articles marked 
in the table of contents with the letter («) may be sufficient 
for this purpose. The Examples under each of the Eules thus 
selected should be worked out, with the exception of a few 
of the more difficult. The Examples that may be omitted 
at the first reading are separated from the others by a line. 
Such student may also solve a few of the Problems at the 
end of the book, such as [1] to [20] ; [39] to [47] ; and, as 



six places of decimals, and arranged in a more convenient form for 
use ; it was first inserted in Dr. Inman's Nautical Tables, in 1837, un< 
der the name of the table of log, haversines. Subsequently a similar 
table was printed in a work on Navigation by Lieut. Baper, and called 
by him log. sine square. The reason for adopting the two last-men- 
tioned names will appear from considering the formula by means of 
which the table was constructed from the common table of log. sines, 
namely : 

8in.«-=4 vers. A [Trig. Part IL formula (29)]. 

or, log. sin. square^ =log. half versed sine A. 

Baper derived the name of his table from the first side of this equa- 
tion ; Inman from the last, contracting half versed sine into haver- 
aine. 

* In the later editions of Inman*s Tables a table of half log, ha- 
veraines has been added. This new table will be found to diminish 
the mechanical labour of working out many of the principal problems 
in Nautical Astronomy and Trigonometry. 
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an Introduction to I^autical Astronomy, Problems [102] 
to [113] ; [135], [136], [143], [144]. The remainder of the 
hook may be omitted until he has read Part II. 

The answers to the Examples and Problems have generally 
been taken from the tables by inspection; that is, if Inman's 
tables "were at hand, to the nearest 15" ; if any others, to the 
nearest minute or half minute. It is seldom necessary in 
practical questions of this kind to proportion to the nearest 
second ; and in Nautical Problems the above degree of accu- 
racy will in almost every case be sufficient. 

Those who have not the assistance of a tutor, and who 
have therefore to rely on their own exertions for the know- 
ledge they may require, will find the volume of Problems in 
Astronomy, Surveying, and Navigation, mth their Solutions, 
published separately, and which in fact is the Key to the 
problems at the end of this book, of great assistance. 



H. W. J. 



Langstone, near Havant, 
Dec. 1872. 
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PLANE TRIGONOMETRY. 

PART L 



CHAPTER I. 

(1). One of the principal uses of Trigonometry is to fur- 
nish rules for finding any part of a triangle (that is, an angle 
or a side), when the number of parts already known is suffi- 
cient ; and this is the case, in general, when three of the 
parts of the triangle are known. 

(2). Considered as a branch of mathematics, Trigonometry 
teaches us the method of investigating certain relations of 
angles denominated fmrnivlce. Trigonometry is therefore usu- 
ally defined to be, that branch of mathematics which treats 
of the relations which the sides and angles of triangles have 
to one another, and of the general relations of angles. 

(3). The First Part of this treatise contains the Rules for 
solving Plane and Spherical Triangles, with a large collection 
of examples and problems for practice. The problems have 
been selected principally to serve as an Introduction to Navi- 
gation and Nautical Astronomy. 

(4). In the Second Part will be investigated the funda- 
mental formulae in Plane and Spherical Trigonometry. These 
formulaB continually recur in mathematics, and the student 
whose views extend beyond the practical part of Navigation 
must make himself well acquainted with them. In the Second 
Part also, the rules given in the First Part are investigated 
and proved. 

(5). At present it will be sufficient to name only a few of 

Digitized byCjOOQlC 




Is PLANE TBIGONOMBTBY. 

the tenns nsed in Trigonometiy ; the principal of which are 
the fractions called the TrigonometriccU railos. 

Definitions of the Trigonometrical ratios. 

Let the angle PCN be denoted by A ; 
and let PN be drawn from any point P 
perpendicular to C^, thus forming a 
right-angled triangle : then the trigono- 
metrical ratios are the fractions that can 
be formed of the three sides of the right- 
angled triangle PCN, taking them two 
and two together. It is evident that 
only six such fractions can be formed in this manner, namely, 
PN CP PN CN CP , CN , _ ^ ^, . 

CP'PN'CN'PF'CN'^^CP- To connect these frac- 

tions with one of the angles of the triangle, as A, let us call 
the side CP opposite the right angle the hypothenuse, the 
side PN opposite to the angle in question the perpendicular, 
and the remaining side CN, adjacent to the angle, the base ; 
then the trigonometrical ratios of an angle are named as fol- 
lovns : the perpendicular divided by the hypothenuse is called 
the SINE of the angle ; the hypothenuse divided by the per- 
pendicular is called the cosecant of the angle ; the perpen- 

* The use and importanoe of the trigonometrical ratios will be 
more clearly seen in Part IL We may here briefly remark, that since 
we are not able to compare together the angles and sides of a triangle 
(for we cannot say that an angle is three or more times greater than 
a side, since these quantities have different units of measurement), 
it has been found convenient to take certain lines or fractions, such as 

pir 

-^, &0., and compute their numerical values for different angles, and 

record these values in tables. Now these fractions will evidently de- 
pend for their value on the magnitude of the angles themselves ; and 
if we know the fraction, we shall know, by means of the table, the 
angle corresponding to it. Moreover, we can compare the side of a 
triangle with this fraction, since both quantities are expressed in the 
same kind of measure, namely, linear measure ; and then, by refer- 
ence to the table, discover the relation of the side to the angle itself. 
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dicular divided by the base is called the tangent of the angle ; 
the base divided by the perpendicular is called the cotangent 
of the angle ; the hypothenuse divided by the base is called 
the SECANT of the angle ; and the base divided by the hypo- 
thennse is called the cosine of the angle. Another term used 
in Trigonometry is the vebsine of an angle : this quantity is 
equivalent to the excess of unity over the cosine. These defi- 
nitions will be more readily learned by writing them down in 
the form of fractions, thus : 

TN perpendicular 



CP 
CP 



FN perp. 
PN .perp. 
CN^^^b^ 
CN base 



hypothenuse 
hyp. 



is called the sine of the angle 


A(«) 


. . . cosecant . . . 


(6) 


. . . tangent . . • 


(") 


. . . cotangent . . 


W 


... secant . . . 


(e) 


. . . cosine . . . 


(/) 



FN perp. 

CP hyp^ 

CN ^' base 

CN base 

CP'^'^hyp. 

Also, 1— cosine of A is called the versine of angle A. 

The values of these ratios or fractions being calculated for 
every minute or quarter of a minute from 0° to 45°, constitute 
the tables of sines, tangents, &c., in general use: by means of 
which, and certain other tables of numbers called logarithms, 
problems in Trigonometry and Astronomy are usually solved. 

(6). Before, therefore, we proceed to apply Rules for solv- 
ing trigonometrical problems, we must, in order to familiarise 
the student with logarithmic computation, show the extensive 
use of logarithms in shortening and simplifying complex and 
tedious arithmetical calculations ; in fact, we shall find that, 
by their means, processes of multiplication are reduced to ad- 
dition, division to subtraction, the formation of powers to 
multiplication, and the extraction of roots to division, &c. 
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4 PLANE TMGONOMHTRT. 

(7). In Part II. it is shown what is meant by a logar- 
ithm, and how the logarithms of numbers have been com- 
puted and arranged in tables, so that now the logarithm of 
any given number may b© found by inspection ; and con- 
versely, if any logarithm is given, the number corresponding 
to it (which, for the sake of distinction, is called the natural 
number) may also be found. 

LOGAEITHMS.* 

EXAMPLES AND EXEROISES IN THE USE OF LOGABITHMS. 

Logarithms usually consist of a whole number and a deci- 
mal fraction: the whole number may be positive or negative; 
the decimal part of the logarithm is always positive : thus, 
the student will find by referring to a table of logarithms that 
the logarithm of the natural nimiber 200 is 2 '301030; the 
whole number, 2, is called the index or characteristic ; the 
decimal part, namely "301030, is called the mantissa. The 
mantissa is always positive ; the index may be positive or nega- 
tive. Thus the logarithm 2*301030 is -f 2 and -f -301030 ; 
but the logarithm 2*301030 is in fact - 2 and -f 0*301030. 
In the tables the decimal part or mantissa only is inserted ; 
the index being found as follows : 

EuleI. 

(8). To find the index of the logarithm of a whole (yr 
mixed number. 

The index of the logarithm is less by one than the num- 
ber of integral places contained in the number. 

Thus the 2mf«c of the log. of 24 is .... 1 



of 2463 is . . 


. . 3 


of 147-2 is . , 


. . 2 


of 14-72 is . . 


. . 1 


of 1-472 is . . 


. . 



* The definitions and analytical proofs of the roles in logarithms 
are given in the Second Part of this book. 
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(9). To find the index of the logarithm of a decimal 
fraction. 

Consider the decimal fraction as a whole nmnher, and find 
the index of its logarithm by the preceding rule : then sub- 
tract the number thus found from the number of figures in 
the given decimal; the remainder, with the negative sign (— ) 
placed over it, is the index required. 

Thus, the index of the logarithm of -00452 is 3 ; for the 
index of the logarithm of 452 is 2, by Eule L, and the num- 
ber of figures in '00452 is 5 : hence 2 — 5= —3, or as it 
must be written 3, to show that the mantissa or decimal part 
of the logarithm is still positive.* 

EXAMPLES. 

Theindexof log. -123 is ... J 

of log. -0123 is ... 2 

of log. -00064 is ... 4 

of log. -000000721 is ... 7 

(10). To find the index of the logarithm of a vulgar 
frajction. 

Eeduce the fraction to an equivalent decimal fraction; 
the index of its logarithm may then be found by Eule II. 

Thus, the index of log. - or of log. -125 is . . . . 1 
o 

of log. 24f or of log. 24-4 is ... 1 

0^ log. ^7^ or of log. -04 is . . . . 2 
25 

of log. -— or of log. -00833 is . . 3 

* Hence, to reduce a logarithm with a negative index to a quan- 
tity wholly negative, and the converse, we must proceed thus : 
8'602060, or ite equivalent —3+*602060= -2-397940; therefore, also, 
-4-301416=5-698686. 
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(11). To take out the logarithm of any given number from 
the table. 

The rale for taking out a logarithm for any given num- 
ber will be found in the explanations which accompany the 
table, to which the student is referred.* We will here insert 
a collection of numbers for exercises whose logarithms it is 
required tp find from the tables. 

EXAMPLES. 

Let it be required to take out from the tables the logar* 
ithms of 2482, of 24-82, and of -002482. 

Looking for 2482 in the table, we see opposite to it 
'394802, the decimal part of its logarithm; and this part, by 
the explanation accompanying the table, is the same for each 
of the above numbers : the index or whole number to be 
prefixed, found by Rules I. or XL, will indicate the number 
of integral figures in the natural number. 

Thus the log. of 2482 is 3*394802 

log. of 24-82 is 1/394802 

log. of -002482 is 3394802 

Find from the tables the logarithms of the following 
natural numbers : 

Nat. No. 

24 Answer, Its logarithm is 1*380211 

248 „ 2-394452 

2480 „ 3-394452 

1476 „ 3169086 

14-06 „ M47985 

1-406 „ 0147985 

3847 „ 3-585122 

* It might mislead the student to give in this place a rule for 
taking out a logarithm, as it must be made to depend on the peculiar 
arrangement of the table in his hands; nor is it necessary, since 
ample directions for finding the logarithms of numbers are always 
appended to the table, either at the beginning or end. 
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Nat. No. 

38475* Ans. Its logarithm is 4-585178 

384-75 „ 2-585178 

384-757 „ 2-585186 

4196-534 „ 3-622890 

121004-15 „ 5-082800 

48i or 48-75 „ 1-687975 

49| or 49-25 „ 1-692406 

2000 „ 3-301030 

200000 „ 5-301030 

lOOOJ „ 3-000216 

2-4 „ ...... 0-380211 

•24 „ 1-380211 

•024 „ ...... 2-380211 

•000035 „ 5-544068 

1415216 „ 6-150822 

I or -75 „ 1-875061 

J „ r698970 

At « 2-602060 

irtW t» 4-698970 

•004 „ 3602060 

•04 „ 2-602060 

•6945 . „ 1-841672 

-75234 „ ..:... 1^876414 

90^^ „ 1-954435 

lOOOT^y „ 3-000003 

387^ „ 2-588272 

726| „ 2-861086 

Rule IV. 
(12). To take out the natural number corresponding to 
any given logarithm. 

Yoi the method of taking out the figures that consti- 

* When the natural number (as in this example) consists of more 
than four figures (the extent of logarithmic tables in general use), 
the fifth and all subsequent figures can be found by the rules given 
with the tables (see Explanation of tables). 
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tute the natural number, see Explanation accompanying the 
tables. 

To find where the decimal point in the natural nuniber 
taken out must he placed. 

First. When the index of the given logarithm is positive, 
to find its natural number. 

The number of integral places in the number taken out 
will be one more than the index. Thus, if the index of a 
logarithm is 2, the natural number contains three integral 
places ; and so on : the rest of the figures in the number 
taken out are decimals. 

EXAMPLES. 

Given the logarithm 2-477121, to find its natural number. 

Entering the table with the decimal part '477121, we 
find the number corresponding to it to be 3, or 30, or 300, or 
3000, &c.; but, as the index of the logarithm is 2, the natural 
number must contain three integral figures. Hence the na- 
tural number of 2-477121 is 300. 

Kequired the natural numbers of the following logarithms : 















1-380211 


Ans. Nat. No. ia 24 


2-394452 


.... 248 


3-394452 


>» 








2480 


6-394452 


» 








. 2480000 


2-415671 


» 








260-417 


1-415674 


i9 








26-042 


2-310101 


» 








204-221 


4196171 


n 








15709-83 


0-217845 


>» 








1-65137 


1-841569 


>» 








69-4335 


2-841989 


» 








695-0064 


5082800 


>» 








121004-19 


0-147985 


>> 








1-406 


0-394452 


» 








2-48 
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(13). Second. When the index of the given logarithm is 
negative, to find its natural number. 

The natural number in this case will be a decimal. To 
find the number of ciphers (if any) to be prefixed to the figures 
taken from the tables, diminish the index by 1 (without re- 
garding the negative sign); the remainder will denote the 
number of ciphers to be prefixed to the figures of the number 
taken from the tables : thus, if the index is 4, prefix three 
ciphers; if 2, prefix one cipher; if 1, the decimal mark is 
placed next to the figures taken out ; and so on. 

EXAMPLES. 

Given the logarithm 4-394452, to find its natural number. 

Entering the table with the decimal part '394452, we 
see the natural number opposite to it is 248 : to this number 
prefix three ciphers, since the index of the logarithm is 4 ; 
hence the natural number of 4*394452 is -000248. 

Required the natural numbers of the following logarithms : 



2-380211 


Am, 


IN'at. No. is 


•024 


5-544068 


it 




•000035 


1-841672 


» 




-6945 


7-875061 


» 




•00000075 


3-602060 


» 




•004 


2-394452 


» 




•0248 



KULB V, 

Multiplicatimi by logarithms. 

(14). Take out the logarithms of the given numbers from 
the tables ; add them together : their sum will be the logar- 
ithm of the product of the given numbers ; the natural 
number corresponding to which is therefore the product re- 
quired.* 

* In Part II. it is shown that log. nmp =log.n+log. m-h 

log.p+.... 
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EXAMPLES. 

Eequired the product of the following quantities : 

[1]. 47x1-405x84 Am. 5546-94 

[2]. -47 X 140-5 X -0084 „ -5547 



Calctilaiion. 




[1} 


[2]. 




log. 47 . , 1-672098 


log. -47 . . 


1-672098 


„ 1-405 . 0-147676 


„ 140-5 . . 


2-147676 


„ 84 . . 1-924279 


-0084 . 


3-924279 


log. product . 3-744053 


log. product . . 


T-744053 


. -. product 5546-94 


. -. product . 


-5547 



Eequired the product of the following quantities : 

72 X 96 X 124 X -05 Am. 42854 

84 X 96 „ 3064 

6x4x12x^2 „ 9216 

64 X 362 X -4 „ 9267 



5. 36x48x62x-4 

6. 1234 X 9671 X -00617 

7. 2-4x-007x-54x-l 

8. 784 X -000079 X -0000036 



42854 
73632 



•0009072 
•0000002229 



Rule VL 

Division by logarithms, 

(15). From the logarithm of the dividend subtract the 
logarithm of the divisor : the remainder will be the logarithm 
of the quotient ; the natural number corresponding to which 
will be the quotient required.* 

examples. 
[1]. Divide 472 by 32-2 Am. 14-66 

[2]. . . -0472 by 3-22 „ -01466 



♦ For (by Part II.) log. — =log. «— log. m. 
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log, 
log, 

log, 



Ccdctdaiian. 

[1]. 
472 . . 2-673942 

32-2 . . 1-507856 



[2]. 



quotient . 1-166086 
quotient . 14*66 

Find the yalue of the following expressions : 



log. -0472. 
log. 3-22 . 

log. quotient 
. • . quotient 



9. 
10. 
11. 
12. 
13. 

14. 
15. 
16. 
17. 
18. 



68-5-34 

96-r-l-6 

2004-64-f-34 

19-5-72 

19-r--72 

242x559x63 

781 X 432 
84 X -00769 X -683 
598 X -0000146 x -039 

3-2 

l-f-"45or -73 
•45 

1-^0004572 or 



Ana. 



l-f-3-2or- 



0004572 



2-673942 
0-507856 

2-166086 
•01466 

2 
60 
58-96 

0-26389 
26-389 

25-26 
1295-71 
•3125 
2-222 
2187-23 



EuLB vn. 

Involution^ or raising of powers by logarithms. 

(16). First, When the quantity to be raised to a power 
is a whole or mixed number. 

Multiply the logarithm of the quantity to be raised by 
the number denoting the power ; and the product will be the 
logarithm of the power, the natural number of which is the 
power required.* 

EXAMPLES. 

Kequired the 16th power of 105, or the value of (1-05)^^ 
♦ For log. (nf=:r log. n (see Part II.). 
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Calculation. 

log. 1-06 . . 0-021189 
16 

127134 
21189 

log. (l-05)i« . -339024 
.-. (l-05)i« = 2-18285 

19. Required the 6th power of 4-7215 

20. . . . 3d . . 12^ 
. 150th . 



Ans, 



21. 

22. 
23. 
24. 



. 200th 
. 4th 
1000th 



105 



1-0125 

n 



11078 
1953127 
1507-82 

11-989 
3701-53 
247742-3 



1-0125 

(17). Second, When the quantity to be raised to a power 
is a decimal fraction. 

Take from the tables the logarithm of the decimal frac- 
tion : multiply, separately, the decimal part of the logarithm 
so taken out, and the index of the logarithm, hy the number 
denoting the power. 

From the latter product subtract {Le. add algebraically) 
the whole number in the former, placing the negative sign 
over the remainder ; and then affix to it the decimal part of 
the former product, the natural number of which will be the 
required power : which find from the tables. 



EXAMPLES. 

Required the 10th power of -2, or the value of ('2)1®. 
log. -2=1-301030=1+ -301030 



10 



10 



10 3-010300 

To 

log. (-2)i« 7-010300 
.-. (•2)i«=-0000001024 
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Seqnired tlie values of tlie following expressions : 



25. 


The 5th power of -2 or (-2)' 


Ana. 


•00032 


26. 


(•8)» 


» 


•512 


27. 


(•09163)* 


» 


•000070494 


28. 


(.975)200 


» 


•0063241 



EuLB vin. 

Evolidion, or extraciing of roots by logarithms. 

(18). First. When the index oftlielogaritlim of the given 
nnmber is positive ; or if negative, divisible by the number 
denoting the root. 

Take out the logarithm of the given number, and divide 
it by the figure denoting the root to be extracted ; and the 
result will be the logarithm of the root, which find from the 
tables,* 

EXAMPLES. 

[1]. Eequired the cube root of 1234, or .{/1234. 

[2]. Eequired the 6th root of -00005214, or 4/ -00006214. 

Calculation. 

[1]. [2]. 

log. 1234.. 3 )3091315 log. '00005214. . g )5-717171 

log. -y 1234 . . 1-030438 log. -^ -00006214 . . 1-143434 
.-.^1234.. 10-73 .•-.^•00006214.. -1391 

Ans, 



29. Eequired the 5th root of 784 

30. ... square root of 365 

31. ... cube root of 12345 

32. ... 10th root of 2 



33. 
34. 
36. 
36. 



(19) 



square root of 
6th root of 
366th root of 
cube root of 



•093 
7-0825 
1-045 

-00125 



3-79195 
19-10498 
23-11162 

1-071776 

•304959 
1-479235 
1-000121 

-1077 



Second, When the index of the logarithm of the 

log, n 



* For (Part n.) log. V« = - 
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number is negative, and is not divisible by the figure denot- 
ing tbe root. 

Take out the logarithm of the number whose root is re- 
quired ; increase the index by the least number of units that 
will render it divisible by the figure denoting the root to be 
extracted, annexing to the decimal part the same number of 
units so added to the index : then proceed as before. Thus, 
to divide 1-68124:1 by 3, write it down thus, 6 4-2-681241; 
then 64-2-681241 divided by 3 is 2*893747, the natural 
number of which is -078297. 

EXAMPLES. 

[1]. Eequired the square root of -1452, or \/-1452. 
[2]* Eequired the 10th root of -00345, or ^-y -00345. 

CcHculation, 
[111 [2]. . 

log. -1452 . . 1-161967 log. . . -00345 . . 3-537819 

or 2 -hj -161967 or 10 4-7-537819 

log. V-1452=: 1-580983 log. \y-00345 = 1-753782 

.-. ^-1452= -381 .-.^-00345= -5672 

37. Eequired the cube root of . -0125 Ans. -2321 

38. ... square root of -0093 „ -09644 

39. . , . 72drootof -096 „ -96797 

40. ... cube root of -000048 „ -036342 

EULE IX. 

To find the valve of a number raised to a power represented 
by a fraction, 

(20). Multiply the logarithm of the number by the nume- 
rator of the fraction, and divide the result by the denomin- 
ator ; the natural number corresponding to the quotient will 
be the value required. 

EXAMPLES. 

[1]. Eequired the value of (6 -025)*. 

[2] (•0925)1-5, or (-0925)1 
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log. 6-025 



Calculation, 




[1]. [2]. 




, . 0779957 log. -0925 . 


. 2-966142 


4 


3 



7 )3-119828 2 )4-898426 

log. (6-025)^ = 0-445689 log. (-0925)^ = 2-449213 

• •. (6-025)^=2-79054 .-.(•0925)*= -02813 

Eequired the value of tlie following expressions : 

41. (-096)^ Ana. 0-272016 

42. (19)*. „ 10-5439 ' 
(466871)^ x^(3576)^<^ 

*^- 996003x^-0077 " ^^^^^^^ 

44. The cube root of (-001234)2 or (-001234)* „ -011505 

45. (472)* „ 30-586 

46. (-042)8-3 -000000000003741 

47. (-00563)-07 -6958825 

EULE X. 

Of four proportional quantities ^ any three being given to 
find the fourth, 

(21). If the required quantity be an extreme term, add 
together the logarithms of the two middle terms, and subtract 
the logarithm of the other extreme. 

If the required quantity be one of the middle terms, add 
the logarithms of the extremes, and subtract the logarithm of 
the other middle term. 

Thus, if a : & : : c : a; and x be required, add together log. 
l and log. c, and from the sum subtract log. a ; the remainder 
will be log. X, 

Jla :h : : £ \Cy add together log. a and log. c, and from 
the sum subtract log. h ; the remainder is log. x. 

The student will find it convenient in working a propor- 
tion by logarithms to make a dash or stroke with the pen 
under the term required. 
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EXAMPLES. 

Given 6 : 12 : : 50 : ic, to find the value of x. 

Calculation. 

log. 12 1-079181 

log. 60 1-698970 

2-778151 
log. 6 0-778151 

log. X 2-000000 

.-.iB=100 

Find the value of « in the following proportions : 

48. 24 : 35 : : 79 : a; Am. aj=115-208 

49. 3505 IX :x 1507 : 29-8 „ «= 69-3 

50. Find a fourth proportional to -0963, -24958, and 

•008967 Ana. -02324 



'Vn 



51. >/724 : J^ : : 6-927 :x ^ „ -1596 

EULB XL 

To reduce arithmetical and algebraical expressions to log- 
arithms* 

(22). (a) The logarithm of the product of any number of 
terms is equal to the sum of the logarithms of all the tenns 
in the product : 

Thus, if a;=a5, then log. a:=log. a+log. h 
(Jb) The logarithm of the quotient of any two numbers is 
equal to the logarithm of the dividend diminished by the 
logarithm of the divisor : 

Thus, if a;=a-2-&, or -, then log. a;=log. a— log. h 
* For the proof of this general rule see Part XL 
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• If aj=— -, then 
de 

log. ir=log. a+log. h+log. c— log. c?— log. e 

(c) The logarithm of the power of any quantity is equal 
to the logarithm of the quantity multiplied hy the number 
denoting the power: thus, if a;=a^®, then log. a;=:10 log. a. 
If a5=a268, then log. x=2 log. a + 3 log. b. 

(d) The logarithm of the root of any quantity is equal to 
the logarithm of the quantity divided by the number denot- 
ing the root to be extracted : 

Thus, if aj=iya=ai, then log. «=— ^ — or ^ log. a 

o 

If a;=a*5*, then log. a;=f log. a+^ log. b 

Examplea of reducing algebraical expressions to logarithms, 
Eeduce the following expressions to logarithms : 

62. x=abcd Ans. log. aj=log. a+log. 6+ log. c+log. d 

63. x= — „ log. a;=log. a -flog, ft -log. c 

c 

64. «=--3 y, log. ir=log. a -flog. 5— log. c— log. d 
56. x=^a%cd^ „ log. a;=2 log. a+log. &+log. c + 2 log. d 

56. aj= -y^ „ log. a;=2 log. a +log. 5+^ log. c— 1 

57. «= '- — „ log. iB=.J log. a+log. 6+i log. c— log. cZ 

n^ ah 
*~"c^ " log.a;=Jlog.a+ilog.&— log.c— 21og.c? 

59. a;=-^^ „ log.i»=^log.a+^log.6+|log.c-^log.6Z 

(23). Eules 7, 8, and 9 are derived from the same property 
of logarithms, namely, log. a^z.n log. a, where n may be any 
number, either whole or fractional : thus log. 6^=5 log. 6 \ 
log. 4^7=^ log. 7; log. -2*=! log. -2. 
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(24). K the index n of the quantity be negative, it will , 
be perhaps the easiest way to reduce it, in the first place, to 
an equivalent expression with a positive index, which may be 
always done by substituting for the given quantity its reci- 
procal,* with the sign of the power changed. For it is proved 
by Algebra that 

a— »= — and — =(r» 
a* a~^ 

. hence also Qr^=i-^y 4 =-^7, jr-^=2^ -7--=-—: 

we may therefore easily find the logarithms of quantities 
having negative indices by proceeding as follows : first, reduce 
the given quantities to equivalent ones with positive indices, 
and then turn these latter quantities into logarithms by the 
common rules already given : thus, 

a-*= — . Therefore log. a-*=log. — =log. 1— n log. a= 
0— w log. a (since log. 1 = 0). 

Again, to reduce to logarithms : 

log. -^z^=log. -^=» log. a+q log. c^p log. b : 

similarly log. ar-*=log. —5= — 3 log. x ; log. 4"~*=log. — = 

0-- log. 4; log. ^=log. ar5=5 log. x; log. |q^=log. -= 
p log. 6— w log. a ; and so on. 

EXAMPLES. 

Required the value of the following expressions : 
[1] -^^ [2] ^ [3] .-^ 

* The reciprocal of any quantity as -r is -, the reciprocal of a 

whole number », or z- is -, and so on. 
1 n 
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Calculation, 



.4-5=1 —=45 — =-2* 

log. 1 . . 0-000000 log. 4 . . 0-602060 log. -2 . . f-301030 
log. -45 . . 2-010300 5 4 

log. •4-». . 1-989700 log. ^ .. 3-010300 3-204120 

.•.•4-« = 97-656 .-.-1^=1024 or 7 + 4204120 

.-.log. -2* 1-600589 
.-. -2*= -3987 



Examples to the preceding rules. 

Eequired tlie value of tlie following expressions : 

Ans, 2187 

1-16993 
•0004572 
•8548 
•5774 
1-507 
1-859 
2-425 

•0016 



60. 


3^ 


61. 


3* 


62. 


3-7 


63. 


3-» 


64. 


3-i 


65. 


(4-2)» 


66. 


(-045)-* 


67. 


(•045)-» 


RQ. 


1 


DO. 


•2-4 


i*e\ 


1 



69. ~ . ,. -04373 

70. ^^ „ 110691-3 

7x4- 
3-« 

35 X VF 

ryis 

•016 



37 V 4—9 

71- -^=r- " '07509 

4—6 y 5—1 

72- L^ % .. ■ -00000676 
73. ^^x-0139 /^ „ 107-124 



v^ 
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33x45x14 






V4. 


35xV2 


^R«. 


420-022 . 


75. 


3«» and (42)s 




15-5884 and 4096 


76. 


{if and (4)2* 




65536 and 7103 


77. 


(50)-6" 




1-00383 


78. 


(6)^' 




54-96 


79. 


(3124)K«- « 




11-3 



(25). Sometimes examples of the following kind occur, 
in which several of the terms are connected by the signs + 
or — . In such cases the value of each term must be found 
separately, and applied according to its sign, as in the follow- 
ing example : 

EXAMPLE. 

3(l-05)2o~100x-004 
1. Calculation of numerator. 



Eequired the value of- 



log. 47-5 . . 1-676694 log. 

• . log. >/47-5 . . 0-838347 . • . log. 

log. 6 . . 0-778151 log. 

'.log. 6 v/ 47-5.. 1-616498 .-.log. 



147-5 . 

-yi47-5 . 

3 . 

3^147^, 

3^147^= 



log. 



1-616498 
6v/47-5=41-35 

and.-. 6^47-5 + 34/147-5=57-2 
57-2.. 1-757396 log. 48-75 
3 



log. (57-2y 



5 )5-272188 
.. 1-054437 



. 2-168792 
. 0-722931 
. 0-477121 
. 1-200052 
=15-85 

.. 1-687975 
4 

5) 6-751900 
1-350380 
1054437 



log. (48|)» . 

and log. (57-2)*. 

. -. log. numerator=2-404817 

2. Calculation of denominator. 

log. 1-05 0-021189 

20 

log. (l-05)«> 0-423780 

log. 3 0-47712 

log. 3(1-05)20... 0-900901 
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.-. 3(l-05)«> =7-96 
and 100 x -004 = -40 
.• • denoiniiiator=7-56 



log. numerator 2*404817 

log. denominator ... 0-878522 

. • . log. fraction 1 -526295 

and fractions 33*6 Ans, 



Eequired the value of the following expressions : 



80. 



81. 



2(f)»-2 
f-1 



V44.V/3^ / 



Ana. 1747-6 

94-794 



82. ^JC^6+253V >/2 



'/ 



716-5 



■20 



»> 



33303 



19t-4.54 



(26.) By means of the preceding rules the following 
equations may be solved. 

Find an approximate value of a; in the following equa- 
tions: 



83. 


10»=456 


Am 


. a;=:2-658965 


84. 


a!'=14 


» 


a;=2-4101 


85. 


a!S=14-76 


» 


ic=l-71323 


86. 


3»«=20 


J> 


ar=l-3634 


87. 


a!S=-004 


9) 


x^ -1587 


88. 


aH«=4i 


» 


«= -6057 


89. 
90. 


a;=(02445)J 
a!="?y 47691 




x= -06183 
aj=10054 


91. 




» 


a;= -1275 


92. 
93. 
94. 
95. 


x-J ^ 


99 


x= -6827 

log. ^ 
log. a 


V 314159 


log. a— log. h 
^_ log. c-log. h 


'^ m log. a— n log. ft^ t 
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96. a«= Ana. «= 



c** ' w log. h —log. a— r log. c 

97. (|)-'=54i „ ic=17-91 

no - * log- « 

" log. c 

100. (10i)*=20 „ aj=l-27 

101. 23*=4 „ cc= -6309 

KULB XIL 

To find the value of a fractional logarithmic equation, 
when the index of the logarithm of one or both of the terms 
is negative, 

Eeduce the logarithm with the negative index to a quan- 
tity wholly negative (Eule II. p. 6). The logarithm then 
becomes wholly negative, and the division can be performed 
by the common algebraical rule. 

EXAMPLE. 

Given (•04:)3«= 6 ; find the numerical value of x. 
Since (•04)3«=6 . • . 3a; log. -O^sslog. 5 

_ log. 5 _ 0-698970 _ '69897 _ 
^^"log. •04""2-602060^~l-39794 
.•.a;=-0-1666 

Find the numerical value of a? in the following equations: 

102. 48*= -005 Ans. a:=-l-274 

103. (-04)8*= -001 „ a;= 715 

104. (•04)«2=5 „ a=rV-(0-6) 
106. (•04)V«=5 „Va;=-0-5 
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LOGAEITHMIC SINES, &c. NATUEAL VEESINES. 

(27). In addition to the table of logarithms of numbers, 
the use of which has been illustrated by so many examples, 
the student must make himself acquainted with the table of 
log. sines, tangents, &c. ; as by means of these two tables 
nearly all the problems in Trigonometry and Navigation are 
solved. 

Another table, called the table of natural versines, is some- 
times used with advantage in questions where an angle or an 
arc is required to the nearest second ; since, this table being 
computed to seconds, the value of the arc or angle may be 
taken out by inspection, and thus the tedious labour of pro- 
portioning for seconds, which it is sometimes necessary to do 
when the table of log. sines is used, is avoided. 

As rules and directions for taking quantities out of these 
tables to the nearest second accompany the tables, we will 
give in this place only a few examples as exercises. 

To take out quantities from table of log. mies, tangents^ ^c. 

EXAMPLES. 

106. Eequired the log. sine, log. tangent, and log. cosecant 
of the following angles (to the nearest second) : 

AngleB. Log. Bine. Log. tan. Log. coeec 

10°l(y 6" ^rw. 9-246845 9-263720 10-753165 

19 10 40 „ 9-516636 9-641332 10-483464 

48 35 35 „ 9-875079 10-054613 10-124921 

61 24 40 „ 9-943532 10-263630 10-056468 

107. Eequired the angles (to the nearest second) whose 
log. sines are : 

9-641452 ^w«.25° 68' 30" 

9-714185 „ 31 11 12 

9-984204 „ 74 38 26 

In the above examples the value of the angle is found to 
the nearest second; but in the common problems in Nayiga- 
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tion it is seldom necessary to proportion to tlie nearest second, 
it being sufficiently correct to take out the quantity required 
by inspection. In Inman's Nautical Tables, the log. sine, &c. 
of an angle can be taken out by inspection to the nearest 15"; 
in nearly all other Nautical Tables to the nearest minute, 

(28). When the angle whose trigonometrical ratio is re- 
quired is greater than 90°, its value may be found in the 
table as follows : Subtract the angle from 180°, and look for 
the remainder, which is called its supplement, in the tables. 
Thus, to find the log. sine of 100° 10', subtract it from 
180°, and look for the log. sine of the remainder (namely, 
79° 50'), which is 9-993127; therefore log. sine 100° 10'= 
9-993127. 

(29). But the readiest way will, in general, be to diminish 
the given angle by 90°, and to look out the remainder ac- 
cording to the following rule : 

KULE XIII. 

To take out from the table the log, sins, log, cosine, ^c, of 
an angle greater than 90°. 

Diminish the angle by 90° : then 
if sine is required look out cosine of remainder 

cosine sine 

tangent cotangent • . . 

and in the same manner for secant, cosecant, &c. 

EXAMPLES. 

108. Take out of the tables the log. cosine of 100° and 
the log. cosecant of 170° U' 15". 

log. COS. 100°=log. sin. 10° 
log. cosecant 170° 14' 16"=log. sec. 80° 14' 15" 
By the tables : 

log. sin. 10°=9-239670 and 
log. secant 80° 14' 15"=10-770665 
. -. log. COS. 100°=9-239670 and 
log. cosecant 170° 14' 15"=10-770665. 
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(30). Table of natural versines, 

EXAMPLES. 

109. Find tlie natural versines of the following angles : 

26° 32' 15" Ans. 106357 

157 48 50 „ 1925964 

90 7 15 „ 1002109 

125 30 „ 1573695 

110. Eequired the angles whose natural versines are : 

1175443 Ans. 100° 6' 16" 

105357 „ 26 32 15 

1925964 „ 157 48 60 

1573696 „ 125 30 

There are other special tables used in Trigonometry and 
l^avigation, but they require no examples in this place to 
illustrate their use, 

(31). Eedudion of trigonometrital formuke to tabular 
logarithms. 

Trigonometrical fomrala are reduced to logarithms by the 
common rules for reducing algebraical formulae (22) ; but in 
order to avoid, as much as possible, the inconvenience of 
using negative indices in calculations, the table of log. sines, 
cosines, &c. is constructed by adding 10 to the indices of the 
log. sines, &c. Thus, the sine 30° is proved in Trig. Part IL to 
be equal to | or '5, its logarithm must therefore be 1-698970 : 
but the log. sine of 30° contained in the tables, or as it is 
called the tabular log. sine, is 9*698970 ; that is, the tabular 
log. sine is equal to the log. sine +10, and therefore the log. 
sine of any angle = tab. log. sine —10. And as the same ad- 
dition is made to the indices of the logs, of all the trigono- 
metrical ratios, we must, in reducing such trigonometrical 
formulae to tabular logarithms, subtract 10 from the logarithm 
of each, trigonometrical ratio used in the expression. 
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For a similar reason, viz. to avoid the use of negative in- 
dices, the table of natural versines is constructed by multi- 
plying the natural versines by one million; thus, it is shown 
in Part II. that versine 60°=J=*5 ; but the versine of 60° 
as contained in the table=-5x 1000000=500000 ; that is, 
tab. vers.=ver. x 1000000; therefore, in logarithms, 

log. tab. vers. =log. vers. + 6 
and log. vers.=log. tab. vers.— 6 

Hence we have the following rule for reducing trigonometrical 
formulas to tabular logarithms. 

EULB XIV. ^ 

To reduce a trigonometrical formula to tabular logarithms. 

Subtract 6 from each log. versine, and 10 from the logar- 
ithm of each of the other tngonometrical terms that occur in 
the formula. 

EXAMPLES. 

111. Thus, if tan. A=sin. A^ eec. A 
In tabular logarithms, 

tab.log. tan. A— 10=tab. log. sin. A- 10 -f tab. log. sec. A- 10 
or, as it is usually written (suppressing the word tabular, it 
being understood that the formula is reduced to tabular lo- 
garithms), 

log. tan. A— 10=log..sin. A— lO+log. sec. A— 10 
and collecting and cancelling the tens, 

log. tan. A=log. sin. A-hlog. sec. A— 10 

If tan. A= — '—r In tab. logs. 
COS. A 

log, tan. A— 10=log. sin. A— 10— (log. cos. A— 10) 

or log. tan. A=log. sin. A+10— log. cos. A 

112. K ver. »=2 sin. h . sin. c . sin. ^— In tak logs, 
log.ver.a?— 6=-301030H-log.sin.&— 10H-log.8in.c— 10+21og.8m.^— 20 

or log. vers. fl?=6-301030H-log. sin. &+log. sin. 0+2 log. sin.g — 40 
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EXAMPLES. 

Eeduce to tabular logarithms the following formulsB : 
113. sin. ic=cosec. y . tan. z 114. a=6 . tan. A 

115. tan.A=^ 116. -=cot. A 

a 

Answers to 113-6. 

113. log. sin. a;=log. cosec. y+log. tan. 2—10 

114. log. a=log. 6+log. tan. A — 10 

116. log. tan. A=10+log. a— log. h 
116. log. aj=log. a+log. cot A— 10 

In almost every problem in Trigonometry and Navigation 
we shall have occasion to reduce trigonometrical formulae to 
tabular logarithms. We will therefore give in this place a 
few more examples for reduction, and also for finding the 
value of the unkuown quantity by assigning numerical values 
to the given quantities. These examples will be found of 
great use. 

117. Given -=.cot A: find the numerical value of x 

a ' 

when a=20, and angle A=30° 10'. 

X 

Since -=cot. A . • . x^s^a cot. A 
a 

In tab. log log. i»=log. a -flog. cot. A— 10. 

Calculation. 

a =20 log. a 1-301030 

A=:30^ 10' log. cot. A . . 10-235648 

11-536678 

10 

log. « 1-536678 

.•.a;=:34-41 

118. Given tan.a;= ^[ ^^* : to find a?, when A=20^ 10' 

tan.C ' 

B=32° 45', and C=78° 45'. ^ , 
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28 PLANE TRIGONOMETRY. 

taiL j;= — -. 7T-— In tabular logarithms, 

tan. C 

log. taxL a?— 10=log. sin. A— 10+log. cos. B— 10— (log. tan. C— 10) 
=log. siD. A— 10+log. COS. B— 10— log. tan. G+10 

Cancelling the tens, we have 

log- tan. a;=log. sin. A+log. cos. B— log. tan. C 

A=20^ 10' log. sin. A . . 9-637507 

B=32 45 . „ COS. B . . 9-924816 

C=78 45 19-462323 

„ tan. C . . 10-701338 

„ tan. « . . 8-760985 

.•.a?=3^ 18' 

119. In the equation, x=^a . tan. A . sin. B . cosee. C, find 
X, having given a=416 feet, A=23° 50' 15", B=54*' 28' 30", 
and C= 147° 32' 50". Am. a;=278-7 feet. 

RULB XV. 

To find the natural versine of an angle by means of the 
common table of logarithmic sJTies, ^c, 

Fird, When the angle is less than 90°. 

Take out the log. cosine of the given angle and diminish 
the index by 10, and find the natural number corresponding 
to the remainder as a logarithm ; this will be the natural co- 
sine of the angle. Subtract this natural cosine &om unity : 
the result will be the natural versine of the given angle, 
which, multiplied by one million, will reduce it to the usual 
tabular versine. 

Second, When the angle is greater than 90°. 

Subtract 90° fipom the given angle. Take out the log. sine 
of the result and diminish its index by 10 : then find, as be- 
fore, the natural number of the remainder. Add unity to the 
natural number, and the sum will be the natural versine of 
the given angle. To get the usual tabular versine, multiply 
the natural versine by 1000000. 
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120. Example 1. Find the tabular natural versine of 
26° 32' 16". 

tabular log. cos. 26° 32' 15" 9-951650 

10 

log. COS. 26° 32' 16" T-951650 

. • . natural cos. 26° 32' 15" 0894643 

1; 

. • . natural versine =0*105357 
and tab. nat. vei8ine=105357. 

121. Example 2. Find the tabular natural versine of 
125'' 0' 30". 

tabular log. sine 35° 0' 30" 9-758681' 

10 

log. cos. 125° 0' 30" 1-758681 

. • . natural cos. 125° 0' 30" 0573695 

1 

. - . natural versine= 1*573695 
and tab. nat. veisine= 1573695. 

(32). Use of the algebraic signs + and — to determine 
the magnitude of an angle. 

The numerical value of any trigonometrical ratio of an 
angle and of its supplement (28) being the same, therefore 
the log. of any trigonometrical ratio taken out of the tables 
corresponds to both angles: thus, sin. 100° being equal to 
sin. 80°, the log. sine of 100°=log. sine of 80°. For this 
reason, when we have given the log. sine of an angle to find 
the angle, we are not always certain that the angle found in 
the tables or its supplement is the correct one. This uncer- 
tainty, however, can be removed when the trigonometrical 
ratio in question is a tangent, cotangent, secant, or cosine, 
by finding, by the following Kule, whether its algebraic sign 
is + or — . When the algebraic sign is + , the angle taken 
out of the tables is the one sought : when the -algebraic sign 
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is — , we must subtract the angle taken out from 180° for 
the angle required. 

Rule XYI. 

(33). To determine the algebraic sign of a trigonometri- 
cal ratio in any formula adapted to logarithms where all the 
other terms are hiown^ and thence to find the magnitude of 
the angle, that is, whether it is greater or less than 90°. 

Write down the formula, and simplifjv it by clearing it of 
fractions, &c. ; put over each given term its proper algebrai- 
cal sign ; that is, over each tangent, secant, cosine, and co- 
tangent of an angle or arc less than 90° the sign + ; and 
over each of the same quantities when the angle is greater 
than 90°, the sign — , but over each sign, cosecant, and ver- 
sine, the sign + , whether the angle is greater or less than 
90° ; and determine from thence the sign of the product of 
that side whose terms are all known. 

Then, since the sign of the product of each side of the 
equation must be the same (otherwise we should have a po- 
sitive quantity equal to a negative quantity), make it so 
by putting over the unknown term the sign + or — accord- 
ingly. 

Then, if -\- falls over the unknown term, the part required 
is less than 90°, and the quantity taken out will be the angle 
required ; but if — , subtract the angle taken out of the table 
from 180°, the remainder will then be the angle required 

{Ambiguous case). When the part sought is expressed 
in terms of the sine, the above rule will not apply, since the 
sine is positive, whether the angle is greater or less than 90°. 
The uncertainty which thence arises (forming what is called 
in Trigonometry the ambiguous case) can be removed only in 
particular cases. 

In the above rule the angle required is supposed to be less 
than 180° 

EXAMPLES. 

In each of the following formulae it is required to find the 
value of ic : supposing A=45°, 3=120°, and C=130°, 
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122. Given cos. x=ta,xL A. cos. B . sec. C. 

Find in the first place whether x is greater or less than 90^. 

By the rule we see that tan. A is +, cos. B is — , and sec. 

C is — ; placing, therefore, over the given terms their proper 

signs, we have 

+ - - 

cos. a;=tan. A . cos. B . sec. C ; and since the product of the 

three terms on the right-hand side of the equation is posi- 
tive, cos. X must also be positive ; put the sign + over cos. x 
accordingly, which shows that x must be less than 90° : hence 

+ + - - 

the formula becomes cos. a;=tan. A . cos. B . sec. C. 

Calculatiwi, 

log. COS. a?— 10=lpg. tan. A— 10+ log. cos. B— 10+log. sec. C— 10 
or log. COS. w=log. tan. A+log. cob. B+log. sec. C— 20 
A=45° log. tan. A ... 10000000 

B=120 „ cos. B ... 9-698970 

C=130 „ sec. C ... 10191933 

„ COS. aj ... 9-890903 
.-. aj=38°56' 

123. Given sec. a;=sin. A . sec. B. 

Find whether x is greater or less than 90°. 

Determining by the rule the signs of sin. A and sec. B, 

we see that the sign — must be placed over sec. x, or 

- + - 

sec. «= sin. A . sec. B, a negative product ; therefore sec. x 

is negative, or a; is greater than 90°. 
Calctdation, 
log. sec. «=log. sin. A + log. sec. B- 10. 
A=45° log. sin. A... 9-849485 

B=120 „ sec. B ... 0-301030 (rejecting 10) 

„ sec. x ... 10-150515 
45° 
180 
.-. a;=:135 
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32 PLANE TRIGONOMETRY. 

124. Given tan. a;=cosec. A. cos. B. 

Find whether x is greater or less than 90°. 
Placing over cosec. A and cos. B their proper algebraic 
signs, we see that tan. x is negative, or 

- + - 

tan. a;=cosec. A . cos. B 

and therefore x is greater than 90°. 

125. cosec. A . sin. B=cot. x 

Proceeding in a similar manner, we find that cot. x is posi- 
tive, and therefore x is less than 90°. 

126. sec. A . sin.2C=cos.2B . cot. x. 

Placing over the given quantities their proper signs, and re- 
collecting that the square of cos. B. must be positive, we have 

+ + + + 

sec. A . sul2C=co8.2B . cot. x 

. • . a; is less than 90°. 

127. sec. A . 8in.2C=— C0S.2B . cot. x 

Placing the signs over the given quantities, and taking into 
consideration the negative sign in front of the right-hand side 
of the equation, we see that — must be placed over cot. x in - 
order to render the right-hand side of the equation the same 
sign as the left, namely, positive : hence 

+ + + - 

sec. A . sin.2C=— cos-^B . cot. x 

. • . jc is greater than 90°. 

128. sin. A . cos. a^= - cos. B . cot. C 



129. ver. A= 



X is greater than 90°. 
COS. B 



sin. C . tan. x 



+ + - - 

or ver. A . sin. C . tan. ar=cos. B 

or a? is greater than 90°. 
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(34). Sometimes trigonometrical expressions occur in which 
several of the terms are connected by the signs + or — , and 
which cannot be reduced to a convenient logarithmic form. 
To determine the numerical value of such expressions, the 
value of each term must be found separately, and then ap- 
plied with its proper sign. The method of proceeding will 
be seen in the following example : 



130. Given m= v^tan x .-sec. y^a% . cos.«2/; to find the 
value of w, when a;=:32° IC, y=80*^, a=25, and 6=50. 

Am. w=-9-79. 

Calculation. 

Let m=tan. x sec. y. n=a^b cos.*y 

log. w=log. tan. a;+log. sec. y— 20 

log. w=2 log. a+log. 6+2 log. cos. y— 20 

and log. w=J log. (w— n) 

To find m. 

log. tan, X 9-798596 

log. sec. y 10-760330 

log. wi 0-558926 

.-. w=3-62 



To find u. 
log. w= J log. (w—w) 

log. (m-7^) 2-972517 

. •• J log (m—w)... 0-990839 
.•.tt=-9-79 



To find n. 

log. a 1-397940 

log. a 1-397940 

log. 6 1-698970 

log. cos. 2^.. 9-239670 
log. COS. y.. 9-239670 

log. n 2-974190 

.•.w= 942-3 
and 7?i= 3-62 
.*. w—?i=— 938-68 



Find u in the following expressions : the values of a, 6, «, 
and y, being the same as in the last example. 

131. u=^a COS. x—b sin. y. Am. «= — 28-08 

__a sec. x+b coa.^y ~ 



132 



u=z 68-1 



tan. aj— COS. y 
Logarithms were originally invented to facilitate trigo- 
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nometrical calculatioiifl. The following examples will show 
their .use in problems of another kind. 

(35). Application of logarithms to questions in progression^ 
interest, mensuration, ^c. 

In Geometrical Progression. If a=the first term of 

a geometrical series, r=common ratio, n=number of terms, 

and S=8um of terms; then it is proved in Algebra that 

/n — 1 
S=a . —, Any three of these quantities being given, 

the fourth may be readily found by means of logarithms. 

examples. 

133. Find the sum of 20 terms of the series. 

l,t,|, V ..... 

e«, ^-i-.i (tr-i _ (i -5)^-1 

r-1 f-1 i 

log. (1-5)20=20 log. 1-5=3-521820 

.-. (1-5)20=3325-21 

.^ 3325-21-1 3324-21 _,^.^ . 
and S= Y = — y =6648-42. Ans. 

134. The sum of a geometrical series is 6560, its first 
term 2, and common ratio 3 : find the number of terms. 

7-tt_l 3« — 1 

S=a —^ . • . 6560=2 . V^= 3«- 1 
r — 1 3 — 1 

.-. 3"=6561, and w log. 3=log. 6561, .-. w=^^^^^^=8 

log. o 

135. If sum of series=1023, first term=l, common ratio 
=2 ; what is the number of terms? Ans, w=10. 

Without the use of logarithms the last two questions would 
be very difficult to answer. 

In Compound Interest. If P denote the principal, r the 
interest of £\ for 1 year, n the number of years, and A the 
amount, then it is proved in Algebra that A=:P(l+r)'*: 
any three of these quantities being given, the fourth may be 
found 
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EXAMPLES. 

136. If .£200 be placed out at compoimd interest for 7 
years at 4 per cent : required the amount. 

A=P(l+r)» 
. • . log. A=log. P+Ti log. (1 +r)=log. 200+7 log. (1 + -04) 

Am. A=£263 38. Sd. 

137. At what rate of interest must £400 be placed out 
that it may amount to <£569 6«. 8^. in nine years, at com- 
pound interest 1 

A=P(1 +r)» ... log. (l+r)= ^°g-^-^°g-^ 

Ans. r='04, or 4 per cent. 

138. In how many years will X500 amount to £900 at 5 

per cent^ compound interest 1 

A T»/, \ log. A— log. P 

A=P(1 + r)« . • . w =-^^ „ 7v 

^ ' log. (1-f?-) 

Am. «=1204 yew». 

139. In Astronomy. It is proved that the gqtuKes of 
the times which two planets employ to make their revolu- 
tions about the Sun are to each other as the cuhes^ of their 
distances from the same heavenly body. Knowing that the 
revolution of the Earth about the Sun is performedl in 365 
days, 5 hours, 48 minutes, 51 seconds ; and that of Juipit^ini 
4330 days, 14 hours, 39 minutes, 2 spends : it is required to 
find the ratio of the distances of l^ese planets from the. Sum 

Eeducing in the first place into seconds the given re- 
volutions, we have 31556931 seconds for the Earth, and 
374164742 for Jupiter. Eepresenting the first by a, the se- 
cond by by the distance of the Earth from the Sun by 1, and 
that of Jupiter by a?, we have 

iB3: l»::52:a2 or«3=^ 

. • . 3 log. a'=2 log. 6—2 log. a 
and log. ^^ 21og-ft-21og.« ^Q.y^ggy3 . ^^^.jgg^ 

Or the distance of Jupiter from the Sun is to that of the 
Earth from the same body nearly as 62 : 10. Digitized byGoOQic 
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FormvliB for the principal regular bodies. 

circumference of circle . » ^ a-,^ i 

— —^ where x=3'1416 nearly. 

diameter 

Area of rectangle =:a b, a, 5, adjacent sides. 

parallelogram =a^ sin. C a, by sides, C included angle 
triangle = ^/^. « — a . s—b . «— c a, b, c, sides, and 

s=:i(a+b+c) 
triangle =^ a b sin. C a, b, sides, C included angle 

regular polygon=^ n a^ cot. n sides eacli=a 

circle=irr2=7cp r=radius cZ=diameter 

annulus=j((i2-rfi2)=j((?+cZi) (c^-cZj) 

exterior and interior diameters d and eZ^ 
ellipse =-e?(2j major and minor diameters d and (i^ 
Surface (convex) of cylinder =crfi^ dia. d height h 

IT 

„ conQ=z-dh. dia. (2 slant height ^| 

„ parahola=&$a:^=:fof parallelogram of same 

height and base, coordinates x, y 

„ spheress^reZ^sscrf dia. d circumf. c 

Volume of rectangular parallelopiped=a be a^b^ Cy sides 

cylinder==-t^ A=l^=-079577 c^ ^ 

dia. ^ height A circumf. c 

cone =:J-^A= -2618^2^= -02652802 A 

dia. c? height h circumf. c 

„ sphere=^d8=-5236tZ3 dia. cZ. 

„ prolate spheroid ^f x circumscribing cylinders 

f cr a ft2 a semi-major, b semi-minor axis 

Volume of oblate spheroid=f x circumscribing cylinder = 

^le a^b a semi-major, b semi-minor axis 

„ paraboloids^ x circumscribing (Jylinder 

=i '\d^ h dia^i^^ed by Gd^^^^ ^ 
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Menmration of areas, surfaces, and solids. 

The following examples in mensuration are given chiefly 
as exercises in logarithms : they can all be easily calculated 
by means of the formubB contained in page 36. 

BXAMFLES. 

140. Two adjacent sides of a rectangle are 40^ feet and 
28| feet : required its area. 

area=a b (p. 36). 

a=40^=40-5 . • . log. area=log. a + log 6 

ft=28|=28-76 log. a 1-607456 

log. d 1-458638 

log. area 3*066093 

.-.area = 1164-376 sq. feet 

141. Two adjacent sides of a rectangular field are 675*5 
yards and 473*3 yards : required its area or superficial con- 
tent. 

Ans. 319712-96 sq. yards. 

142. The three sides a, b, e, of a plane triangle ABC are 
a=1150, 6=937-5, and c=687'5 yards: required its area or 
superficial content. 

a=1150 Aiiea=^***— a**— 6*ff— c (p. 36). 

5=937-5 .-.log. area=J{log.*+log.»-a+log.^— 5 
c =687*5 +log.«— c} 

a+ft+c. .2775-0 

J(a+6+c) 1387-5=* log. « ,... 3-142233 

237-5=«-a „ «— a 2-375664 

450-0=«-6 „ s-b 2-653213 

700-0=«— c „ a— c 2-845098 

2) 11-016208 

„ area 5*508104 

.•.area=3221858g.yd8. 
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143. The three sides of a triangular field are a=376-2, 
5^450*25, c=502'25 : required its superficial content. 

Ans, 81509-3 

144. Two sides a and 5 of a plane triangle ABC are a = 
52-25 yards and fe=60-125 yards, and the included angle C= 
72° 32' : required its area. 

Area=^ ab sin. C. (p. 36). 

a=52-25 log. area=log. a+log. ft+log. sin. C— 10— log. 2 

6=60-125 log. a ... 1-718086 

C=72°32'log. 5 ... 1-779055 

log. sin. C 9-979499 

13-476640 

10-301030 

log. area 3175610 

. • . area=1498-34 sq. yards. 

145. Two sides of a plane triangle ABC are 6=812-125, 
(5=1015-25, and angle A=57° 35' :-find its superficial con- 
tent. 

Ans. 348014-8 

From the two formulae used above are deduced Rules 
y I. and VII. in Plane Trigonometry given hereafter for find- 
ing the area of a triangle. ^ 

146. A side of a regular heptagon is 19-38 yards : re- 
quired its area. 

180° 
area=^ a^ . cot. (p. 36). 

"IQAO 

a=19-38 n=7 ^=26° 42' 51" 

180 
. -. log. area=log. n+2 log. a+log. cot. 10— log. 4 
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log. w ... 0-845098 

a ... 1-287354 

„ a ... 1-287354 

180° 
„ cot. 0-317339 (rejecting 10 in index) 

3-737146 

4 ... 0-602060 

„ area ... 3-135086 

. -. areasl364'8 sq. yds. 

147. A side of an eleven-sided regular polygon is 20 feet; 
required the area or surface. 

Ans. 3746-27 sq. feet. 

It is evident that in the above and similar formulae any 

one of the terms may be found, if all the rest are given : 

180° 
thus, in the formula (p. 36) area= J n a* cot. , let there 

be given' the area=3746-27 sq. feet and w=ll ; to find a, 
a side of the regular polygon. 

Thus, since area= J ruir cot. 



. •. a= Y 



4 area j • xv • ^ 

Yg^ : reducing this expression to 



n cot. i»^ 
n 

logarithms we have (Eule XIV, p. 26) 

180° 
log. a=i {10 + log. 4+log. area— (log. M+log. cot. )} 

whence a =20 

Again, in the formula area=^ ab sin. C, let there be given 
the area=1498*34 sq. yds., a=52^ yds., and 6=60| yds., to 
find the angle C included between the two given sides. 

Reducing the formula to logarithms we have 

log. area=log. a+log. 6+log. sin. C— 10— log. 2 
. • . log. sin. C=10+log. 2+log. area— (log. a+log. b) 
whence C=72° 32' 
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40 PLANE TRIGONOHBTRY. 

148. The diameter of a circle is 1^ yards : required its 
surface or area. 

c?=li=J aieA='^cP (p. 36). 

.'.d^=n =-7854 xM 

flr=3-1416 . •. log. area=log. •7854+log. 49-log. 36 

.-. ^=-7854 log. -7854 ... 1-895091 

„ 49 ... 1-690196 

1-585287 

„ 36 ... 1-556303 

„ area ... 0-028984 

. •. area=l'06901 sq. yards. 

149. The equatorial diameter of the earth is about 7924 
miles : what is the area of the terrestrial equator 1 

Ans. By logarithms 49315000 miles j 

more accurately by arithmetic 49315090 „ 

Note, The Table of Logarithms in general use being only 
approximately correct must not be depended upon to give 
correct results when the natural numbers concerned exceed 
four or five figures : this is seen in the above example. 

150. The outer and inner diameters of a flat ring are re- 
spectively 40^ and 30|^ inches : required the area or super- 
ficial contents. 

d =40i=:40-25 ^ 

(^^=30^=30-125 area=j((?+cZ,) . {d^d^) (p. 36). 

r.d+d. =70-375 , «• t ooKAm 

d^d\ =10-125 ^^^-4 ^'^^^^^^ 

^ „ d^td^ 1-847419 

4 ='7854 ^^ ^__^^ 1-005904 

2-747904 
. '..surface of ring=559-633 sq. in. 
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Additional examples of the use of the formuUB in page 36 
for calculating areas, surfaces, and solids, 

151. Required the area or flat surface of a circular ring 
whose outer and inner diameters, are respectively 20^ and 
15-j^ inches. 

Ans. 139-908 sq. in. 

152. The major and minor diameters of an ellipse are 
respectively 140^ and 85| inches : required the area or sur- 
face. 

Ans. 9462-4 sq. in. 

153. What is the superficial content of an ellipse whose 
diameters are 625 and 562*5 yards? 

Ans. 276117 sq. yards. 

154. The diameter of a cylinder is 20| inches, and its 
height is 55 inches : required the convex surface and also the 
whole surface of solid. 

Ans. Convex surface=24-9 sq. ft. 
whole surface =29 '6 „ 

155. The diameter of a cylinder is 37^ inches, and its 
length 52^ inches : required the whole surfece of solid. 

Ans. 57-35 sq. ft. 

156. What is the whole surface of a cone whose slant 
side is 20 feet and the diameter of the base 2*8647 feet? 

Ans. 96-44 ft. 

157. What is the whole surface of a cone whose slant 
side is 20 feet and the circumference of the base 9 feet? 

Ans. 96-44 ft. 

158. What is the surface of a sphere whose diameter is 
24 feet? 

Ans. 1809-56 sq. ft. 

159. The equatorial diameter of the earth is about 7924 
miles ; what is the superficial content of a sphere of that 
magnitude ? 

Ans. By logarithms 197260000 miles; 

more accurately by arithmetic 197260360 ,, 
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160. The length of a beam is 25^ feet, breadth 2 feet 
6 inches, and depth 1 foot 8 inches : required its cubic con- 
tents. 

a=26i=26-5 V=a 6c=25-5 x 25 x # 

b=: 2^=2-5 log. 25-5 ... 1-406540 

c=lT^=lf=:» „ 2-5 ... 0-397940 

„ 5 ... 0-698970 

2-503460 

„ 3 ... 0-477121 

„ y ... 2-026329 

, :t . •.- V=106-25 cubic feet. 

161. A beam 40 feet Itog is 10 inches square at the end : 
required its cubic contents. 

, .- iln^, 27^ cubic ft. 

1 62. The cubic contents of a piece of square timber is 
106-25 feet, the breadth 2\ feet, and depth 1 1 feet : find the 
length. 

Ana. 25-5 ft. 

163. The surface of a pond measuMs 10 acres : what is 
the weight of the water .withdrawn when tha surface falls 
1^ inches by evs^oration, supposing 1 cubic foot of water to 

weigh 1000 ounces?* 

Ans, 1519 tons nearly. 

164. What is the capacity of a cylinder whose height and 
the circumference of its base are each 20Lfeet 1 

^ . Am. 636-618 cubic ft. 

165. Three cubic feet are to be cut off a cylinder 44 
inches in circumference : what distance from the end must 

the section be made 1 " " 

Ana. 33-64 in. 

* A oubio foot of pure water at 39° F. (when its density is the 
greatest) weighs 998*8 ounces. An imperial gallon contains 277*274 
cubic inches. The imperial pound avoirdupoise is defined to be the 
weight of one-tenth of an imperial gallon of distilled water at the 
temperature of 62° F. and when the barometer stands at 30 inches : 
consequently the weight of an imperial gallon is 10 lbs. 
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166. The spire of a church of a conical fonn measures 
37*6992 feet round its base ; its perpendicular height is 100 
feet : required its cubic contents. 

Am, 3770 cubic ft. 

167. Eequired the cubic contents of a cone whose dia- 
meter is 7924 miles and perpendicular height 3962 miles. 

Ana. by logarithms, 65128600000 miles; 
more correctly by arithmetic, 65128795619 „ 

168. Eequired the volume of a globe whose diameter is 
30 feet. Ans. 14137*2 cubic ft. 

169. Required the volume of a sphere whose diameter is 
7957| miles. 

Am. by logarithms, 263857900000 miles ; 
more correctly by arithmetic, 263857437760 „ 

170. The axes, or diameters, of a prolate spheroid are 40 
and 50 : required its volume. Am, 41888. 

Note, A prolate spheroid is a solid generated by the re- 
volution of an ellipse about its major diameter. An oblate 
spheroid is a solid formed by the revolution of an ellipse 
about its minor diameter. 

171. What is the solidity of an oblate spheroid whose 
axes are 20^ and 10|] Am, 2173-9. 

172. The earth is an oblate spheroid whose equatorial 
and polar diameters are respectively 7924 and 7900 miles : 
required its volume. 

Am, by logarithms, 259726000000 miles ; 
more correctly by arithmetic, 259726141037 „ 
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CHAPTER II. 

BULES IN PLANE TEldONOHETBY. 

EuLE L — First Method, using Havbrsinbs.* 

ITiree sides of a plane triangle being given, to find an 
angle. 

Put down the two sides containing the required angle, 
and take the diflference, under which put the third side; 
take the sum and difference, and also the half sum and half 
difference. 

To the arithmetical oomplementsf of the logarithms of 
the first two terms in this form add the logarithms of the 
last two, and reject 10 in the index; the result will he the 
log. haversine of the requiived angle, which find in the tahle. 

This rule is derived from formula B (Part II.) 



be hav. A=J {a+b(^c) . J (a— Zxx^c). 

The mathematical student will no doubt in some eases 
prefer to work out the examples by the aid of a formula rather 
than by the rule deduced from it The formulae for solving 
triangles will be found investigated in Part II. 

* If the student have bo table of log. haversines, the angle may 
be found by the seoond method (p. 46). 

t The arithmetical complement of a logarithm is the difference 
between the logarithm and 10; thus 10— log. 3 is the arithmetical 
complement of log. 3. In practice it is most easily found by taking 
each figure of the logarithm from 9, except the_la8t, and that from 
10 ; thus, ar. co. of 2-714162 is 7-286848 ; ar. oo. 1-314160 is 10-686860 
(the last figure in this Example being 6, the cipher at the end not 
being of any value in that position). 
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PLANE TRIGONOHBTRY. 45 

EXAMPLE. 

In the plane triangle* ABC, 
given the side a=20, 5=30, and 
c=40 ; required angle A. 

A e 

30 ar.co.log 8*522879 

40 ar.co.log. 8-397940 

10 log. 15 M76091 

20 log. 5 0-698970 

30 log.hav.A 8-795880 

10 . • . angle A=28° 57' 15" 
15 
5 

EuLE I. — Second Method, without Haversines. 
Three sides of a plane triangle being giveti, to find an an^le. 

Put down the two sides containing the required angle, 
and take the difference, under which put the third side ; 
take the sum and difference, and also the half sum and half 
difference. 

To the arithmetical complements of the logarithms of the 
first two terms in this form, add the logarithms of the last 
two, divide hy 2, and look out the result as a log. sine : the 
angle corresponding to which will be half the required angle .f 

* The sides of a triangle are generally distingaished by the same 
letters, but small, as the angles opposite to them, as in the ahove 
figure. The diagrams in this and the following problems are not 
drawn to scale : the method of constructing triangles by scale and 
compass, although not giving such dorrect results as the logarithmic 
method used in this book, ought to be known by the student. He 
will find ample directions for solving triangles instrumentally in any 
work on practical geometry and mensuration. 

t This rule is derived from formula C (Part II.), viz. 



he sin.« =\(jii-\-h'^c) . \ia—hf^o). 
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46 PLANK TRIGONOMETRY. 

EXAMPLES. 

[1]. In the triangle ABC, given a=512, &=-.627, c=430 : 

required C. 

612 ar.co.log 7-290730 

627 ar.co.log 7202732 

115 log. 272-5 2-435366 

430 log. 157-5 2197281 

545 2)19-126109 

315 log. 8in.JC 9-563054 

272^ .-.JC 2r26'45'' 

157-5 2 

and C=42 53 30 
[2]. In the triangle ABC, given a=-025, b=i or -125, 

and c=-115 ; required B. 

•025 ar. co. log 11-602060 

-115 ar. CO. log 10-939302 

^090 log. -1075 1-031408 

•125 log. -0175 2-243038 

^ 2)19-815808 

-035 log. 8in.iB 9-907904 

•1075 . • . iB=53° 59' 30" 

•0175 2 

and B=107 59 

In the above examples the angles have been taken out of 
the tables by inspection, namely, to the nearest 15". If 
greater accuracy be required, the student is referred to the 
rules for proportioning for seconds which accompany his 
tables of logarithms. 

EXAMPLES. 

Required the angles of any plane triangle ABC whose 

three sides, a, &, c, are given, namely : 

173. a=798 Am. A= 89° 45' 37" 

ft=460 B= 35 12 7 

c=654 C= 55 2 16 

Digitized byCjOOQlC 



PLANE TRIGONOMBTllT. 47 

174. a=512 Am, 
' &=627 

c=430 

175. a=649 „ 
&=586 
c=757 

176. a=627 
6=1140 
c=718-9 

177. a=-025 „ 

c=;'U5 

178. a=-8 
5=-672 
c=-275 

179. a= i 

c=l-013 

180. a= i 
J=-541 
c=-674 

In the above examples the angles have been computed 
to the nearest second ; a tedious operation, which is seldom 
required : the result correct to the nearest minute being, in 
most cases, considered sufficient. 

EULB II. 

Of two sides and two opposite angles, any three being given, 
to find the fourth. 

Write down a proportion, having for the first two terms 
the two sides concerned, and for the third term the sine of 
the angle opposite to the first side put down, and for the 
fourth term the side of the angle opposite the side in the 
second term of the proportion ; mark the term required with 
j^ stroke of the pen underneath. 
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A= 54° 


8' 


11" 


B= 82 


68 


11 


C= 42 


53 


38 


A= 56 


4 


6 


B= 48 


31 


4 


C= 75 


24 


60 


A= 29 


44 


2 


B=115 


36 


32 


C= 34 


39 


26 


A= 10 


58 





B=107 


68 


50 


C= 61 


3 


10 


A=107 


46 


6 


B= 53 


7 


24 


C= 19 


6 


30 


A= 28 


14 


14 


B= 45 


12 


34 


C=106 


33 


12 


A= 20 


11 


24 


B= 48 


19 


11 


C=lll 


29 


23 
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If the term marked be a middle term: add the logarithms 
of the two extreme terms, and subtract the logarithm of the 
middle term not marked. 

K the term marked be an extreme term : add the logar- 
ithms of the two middle terms, and subtract the logarithm 
of the extreme term.* 

The result will be the logarithm of the required term. 
See examples to Art. (21), p. 16. 

Note [1]. When two angles of a plane triangle are known, 
the third can be found by adding together the two, known 
angles and subtracting the result from 180°; the remainder 
will be the third angle : hence, if two angles and the adjacent 
side be given, the third angle is also known, and thence by 
the above rule the other two sides can be found. 

[2]. This rule depends on the property of triangles, that 
the sides are to one another in the same proportion as the 
sinea of an angle opposite to them ; and it will be in general 
the easiest way of working, to write down such proportion, 
and find the unknown term as in Art. (21). 

EXAMPLES. 

In a plane triangle ABC, given a=:50J, ft=25, and A= 
68° 48' : to find the other parts. 

Draw the triangle ABQ, making the given parts as near 
the truth as possible without using instruments : mark the 
given parts (A, a, h) of the triangle with a stroke of the pen, 
Q as in the figure : then, since the 

rule requires that the four parts con- 
cerned should be two sides and the 
two angles opposite to them, the 
part to be found must be B ; mark 
this with a different character (these 
marks will render it more easy to apply the rule) ; then write 

♦ Derived from formala F (Part II.), namely, 

a sin. A , . * • t> 

-=-= -: — TTi OT a \o : ; am. A. : sm. B. 
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PLANE .TRIGONOMETRY. 49 

down a proportion as directed by the rule, and proceed to 
findB. 

The angles A and B being known, C is easily found 
l^ote [1] ; and thence, by a proportion, the side e. 

Calculation. 

[1]. To find B. [2]. To find C. 

a : 5 : : sin. A : sin. B B 27° 38' 15" 

log. 6 1-397940 A 68 48 

log. sin. A 9-969567 96 26 15 

11-367507 180 

log. a 1-701136 C=83° 33' 45" 

log. sin. B 9-666371 
B=27° 38' 15"> 
[3]. To find the side c. ^ 

Draw the triangle ABC again, /^ 
but mark the given parts A, a, and */ "^-^ * 

C with a stroke of the pen, and the 

required part c with a different l^ &- 

mark, as in the figure ; then make 

a proportion of the four parts marked ; thus 

c : a : : sin. G : sin. A 

log. a 1-701136 

log. sin. C 9-997253 

11-698389 

log. sin. A 9-969567 

log. c 1-728822 

.-. c=53-56 




EXAMPLES. 

Find the other parts of the triangle ABC, having given : 

181. a=214 Am. B= 36° 6' 30" 

5=191 C=102 34 15 

A=41° 19' 15" c=316-3 
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60 PLANE TRIGONOMBTRT. 

182. a=17-25 Ans. C= 27° 7' 15" 
c=10| or 10-76 B=106 62 16 

A=47° 0' 30" &=22-69 

183. a=96 „ &=73-98 
c=iS B=49° 0' 

A=101° 41' C=29 19 

184. c=376 „ C=91 43 
A=48° 3' a=279-7 
B=40° 14 6=243-0 

185. A=60° „ C=48° 0' 
B=72° c=207-6 

a=242 &=265-76 

186. a=2| „ C=88° 2' 40" 
A=43° 24' lO'' &=3 ' 
B=48 33 10 c=4 

187. 6=1 „ A= 28° 13' 
«=J C=106 37 
B=45° 10' c=1013 

188. A=20 10 „ C=lll°36' 
B=48 15 6=-541 
a=i c=-6743 

189. a=-02 „ B=90° 
A=ll° 32' 15" c=-09797 
C=78 27 46 6=-l 

190. A=22 20 „ C=108° 12' 30" 
B=49 27 30 a=l 

(5=2^ 6=2 

Ths Anibiguotis Case. 

(36). When two sides and the angle opposite the less side 
are given, each of the quantities sought will have two distinct 
values. For suppose that, in the triangle ABC, the sides BC 
and AC and the angle A, opposite to the less side BC, are 
given ; then, if BC be not perpendicular to AB, from C as a 
centre, with radius CB, describe an arc cutting AB in another 
point Bj, and join CB^ ; it is manifest that there will be ttoo 
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triangles, ACB and ACBj, having tlie sides AC, CB, and angle 

A, in one triangle, and the sides AC, CB^, and angle A, in 

the other, of the same mag- ^ 

nitude, while the remaining 

parts are different. Hence 

it is evident that when such 

parts of a plane triangle 

are given, the results will X X/ 

admit of two different val- ** '^•^ .-^ * 

ues. This may also be shown by considering that the angle 

ABC or ABjC is found by the formula a : 6 : : sin. A : sin. B, 

or a : J ; : sin. A \sin, ABjC ; therefore the sines of the angles 

B and AB^C have the same numerical value (each being 

6 . sin. A\ 
= ) : they are consequently the supplementa of each 

other. This also appears from the above figure ; for since 

CB=CB„ the angles B and CB^B are equal ; therefore AB^C, 

the supplement of CB^B, is also the supplement of B. To 

find these two results we must, therefore, proceed as follows : 

Having fotmd the acuteangle ^ ^c 

B by the rule, subtract it 

from 180°for theangleABjC 

in the other triangle ; there- y^ 

maining angles ACB, ACBj, ^ ^ ^ ^ 

and sides AB, AB^ may then be found in the usual manner. 

EXAMPLE. 

In the triangle ABC, or ABjC, given a=:232, 5=345, 

and A=37° 20' ; to find the other parts. 

Calculation of angle B. There are two solutions. 

a\h\\ sin. A : dn, B In the first, 

log. I 2"537819 B=64° 24' 

log. sin. A 9-782796 in the second, 

12-320615 B^=115° 36' 

log. a 2-365488 

log. sin.B 9-955127 

First solution, B=64^ 24' Second solution, Bi=115°^'OgIe 
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Calculation of angle C. 

C=180°-A-B 

A= 37° 20' 

B= 64 24 

101 44 

180 

.•.C= 78 16 

Calculation of side c. 

c: a: : sin. C : sin. A 

log, a 2-365488 

log. sin. C 9-990829 

12-356317 

log. sin. A 9-782796 

log. c 2-573521 

. -.6 = 374-6 



Calculation of angle C. 

C = 180°-A-Bi 

A= 37° 20' 

B^= 115 36 

152 56 

180 

.•.C= 27 4 

Calculation of side c. 

c : a : : sin. C : sin. A 

logTa 2-365488 

log. sin. C 9-658037 

12023525 

log. sin. A 9-782796 

log. c 2-240729 

.•.c= 174-07 



BXAMPLES. 

Find the other parts of the triangle ABC, having given : 

191. a = 178-3 Ans. A = 54° 2', or 126° 58' 
& = 145 C = 84 48, or 12 52 

B ^ 41° 10' c = 219-32, or 49-05 

192. a = 2597-84 „ B = 80° 39' 45", or 99° 20' 16" 
5 = 3084-33 C = 43 7 30, or 24 27 

A = 56° 12' 45" c = 2136-7, or 1293-7 



KuleIII. 

Two sides and the included angle being given, to find the 
remaining angles. 

Subtract the given angle fix^m 180°, and thus find the 
supplement : divide the supplement by 2. Put down the 
two given sides, and take their sum and difference. 

To the log. tangent of half the supplement of the given 
angle, add the log. of the difference of the given sides ; and 
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from the result subtract the log. of the sum of the given sides; 
the remainder will be the log. tangent of half the difference 
of the required angles : which take from the tables. 

To half the supplement of the given angle, add half the 
difference of required angles just found, and the sum will be 
the greater of the two angles required. To lind the less of 
the two required angles, subtract the half difference. 

In this case it is easier to work by the formula rather 
than by the above rule deduced from it. Thus, if a, &, and 
C be the given quantities, and the remaining angles A and B 
are required : by formula G (Part II.) we have 

a4-^ _ tan.^(A4-B) 
a-6'"tan.^(A-B)' 

or expressed as a proportion : 

a-|.& : 0-5 : : tan. i (A+B) : tan. ^ (A—B). 

The first three terms in this proportion are known; for half 
the sum of the required anglea, or ^ (A+B)=J (180° — C) 
(the half supplement of given angle) : hence the fourth term 
is easily found, which gives us half the difference of the re- 
quired angles. The sum of the half sum and half difference 
of the required angles will be the angle opposite the greater 
of the two given sides ; and their diference will be the less 
angle. A 

EXAMPLES. 

Given a=798, &=460, * 

andC=55° 2' 15": required 
the angles A and B. 






a+& : a—h : 


:tan. 


i(A+B):tan.i(A-B) 


a 


... 798 




180° 0' 0" 


h 


... 460 




55 2 15 ... C 


a-\-h 


... 1258 




2)124 57 45 ... A+B 


a-h 


... 338 




62 28 52 ... i(A+B) 
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log.tan.i(A+B) 10-283138 .-. iA-JB=27° 16' 45" 

log. (a-6) ... 2-528917 and^A+iB =62 28 52 

12-812055 .•.A=89 45 37 

log, (a+b) .. . 3-099681 and B=35 12 7 

log. tan. i (A- B) 9-712374 

Find the other two angles of the triangle ABC, having 
given: 

193. a=399 ' Ans. A=89° 45' 37" 
ft=230 B=35 12 7 

C=55° 2' 15" 

194. 6=64 „ B=52 54 30 
c=70 C=60 45 

A=66° 20' 30" 

195. a=512 „ A=54 8 11 
t=627 B=82 58 11 
C=42° 53' 38" 

EuLE lY. — ^FiRST Method, using Haversines.* 
Given two sides and the included angle, to find the third side. 

Add together 10-602060, log. haversine of given angle, 
and logarithm of each given side : take half the sum, from 
which subtract log. of difference of the given sides. Look in 
the tables for the remainder as a log. tangent, and take out 
the corresponding log. sine, which subtract from the half 
sum just used. The remainder will be the log. of the required 
side. 

Note, When the half sum is first found, write it down 

* If the student have no table of haversines, he may work the ex- 
amples in this rule hy finding, in the first place, the two other angles 
hy Bule III., and then the required side hy Rule II. ; or he may pro- 
ceed as follows : Instead of using log. haversine, as directed in the 
rule, take out twice the log. sine of half the given angle, and reject 
the 10 in the index of the constant log., then proceed as in the above 
rule ; or he may find the side required by the next method. 
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again a little to the right hand, for the convenience of placing 
under it the log. sine to be subtracted.* 

A 
EXAMPLES. 

In the triangle ABC, given a=20, 
c=30, and B=100°: required h, 

constant log. . 10-602060 
log. hav. B . . 9 -768508 

a. . 20.log. a 1-301030 

c . ._30 . log. c 1-477121 _^__^_ 

a^^c . . 10 2 )23-148719 i ' c 

11-574359 11*674359 

log. {arsfc) . . 1-000000 

log. tan 10-574359 log. sin. . 9985104 

log. 6... 1-589255' 
2»=38-84 

Rule IV. — Second Method, without Haversines. 
Given two aides and the included angle, to find the third side. 

Add together the two given sides, and also subtract them : 
thus find their sum and difference. Put down also half the 
given angle. 

Under heads (1) and (2) write down the following logar- 
ithms. 

Under (1) and (2) the log. sum of given sides. 

Under (1) the log. difference of given sides. 

Take the difference of the logs, under (1). Again, under 
(1) put the log. tangent of half the given angle; under (2) 
put the log. sine of half the given angle. 

Add together the two logarithms under (2), and also the 
last two logarithms under (1). 

Look out the result under (1) as a log. tangent, and take 

* By formula H (Part II.) 



^/4 he hav. A , . . ^ihc hav. A 

a=i- — : — ^ where tan 9=— — r 

am. 9 0*^0 
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56 PLANE TBIGONOMKTRT. 

out the log. sine corresponding thereto, which subtract from 
the log. under (2). The result will be log. of required side* 

BXAMPLE. 

In the plane triangle ABC, given a=178, 5=145, and 
C=84° 48' : required the third side c. 

[1]. [2]. 

a.. 178 log. (a+ ft).. 2-609203 log.(a + ft). 2-509203 
&..145 log. (a-&). . 1-518514 log.sin.^C. 9-828855 

a + ft . . 323 difference . . . 0*990689 sum 12-338058 

a— &.. 33 log. tan. ^Q .9-960530 log. sin. arc . 9997299 

iC=42°24' log. tan. arc . 10-961219 log. c 2-340769 

. • . side c=219-2 

Find the third side in the following examples : 

196. a=798 
&=460 

C=55° 2' 16" Ans. c=654 

197. c=48 
a=96 

B=49°0' „ 6=73-98 

198. a=512 
&=627 

C=42° 63' 38" „ c=430 

199. 5=2 
c=2i 

A=22° 20' 0" „ a=l 

RIQHT-ANOLED TRIANGLES. 

Right-angled triangles may be solved by the rules already 
given ; but the easiest way is to make use of the trigonome- 
trical ratios or definitions for the sine, tangent, &c. given in 
Art. (5), p. 3, as in the following rule. 

* This rule is deduced from a formula investigated at p. 91 (Part 
II.), namely, 

a Ji±4%i^ where tan e=»±£i?lM 
sm. 9 O'^c 
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EULE Y. 

Right-angled Plane Triangles, 

Select that expression or ratio in p. 3 which contains the 
two known terms and also the term required, and when pos- 
sible let the numerator of the ratio or fraction selected be the 
part required. Eeduce it to tabular logarithms, by Art. (31), 
p. 25, and then find the value of the unknown term in the 
usual manner. See Ex. 117, p. 27. 




EXAMPLES. 

1. In the right-angled plane triangle ABC, given B=90°, 
a=42, and A=50° 10' : required the other parts. o 

Mark the given parts, namely A and a, with 
a stroke of the pen; and if c is the part about to 
be found, mark it with a different character, as in 
the figure. Then 

[1]. To find c. 

By p. 3, ratio (^), -=cot. A, or c=ia cot. A a 
a 

.". log. c=log: a+log. cot. A— 10 

Calculation ofe. 

a=42 log. a 1-623249 

A=50° lO' log. cot. A ... 9-921247 

log. c 1-544496 

. -.0=35-03 

[2]. To find h. 
Draw the triangle again; mark the given 
parts A and a with a stroke, and &, the part re- 
quired, with a different mark as before : then by 

ratio (ft), p. 3, -=cosec. A, or &=a cosec. A 



-. log. fc=log. a+log. cosec. A— 10 
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a=42 log. a 1-623249 

A=50° 10' log. cosec. A 10114689 

log. h 1-737938 

.-.6=54-7 
To find C : C=90°-A=39° 50' 

2. Given a=-02,c=0-l, and B=90°: required the other 
parts. Make a triangle ABC, right-angled at B (see last fig.) ; 
mark the given sides a and c with a stroke of the pen, mark 
also the pairt required with a different character. 

Let the part required be A. 

[1]. To find A. 

CL 

By p. 3, ratio (c), tan. A=- 
c 

. •, log. tan. A— 10=log. a— log. c 

or log. tan. A=10-4-log- a— log. c 



Calculation. 




q=02 log. a 


. 2-301030 


c = -l 


10 




8-301030 


log. c 


. 1-000000 


log. tan. A . . 


. 9-301030 


.•.A=ll 


° 18' 30" 


[2.] To find side 6. 




By p. 3, ratio (e), -=sec. 


A 


. • . 6=c sec. A 




log. b=log. c+log. 


sec. A- 10 


c=-l log. c 


. 1-000000 


A=ll°18'30" log. sec. A. 


.10008514 




9-008614 




10 


log. h 


. 1-008514 



.•.6=-102 
To find C : C=:90°-A=78° 41' 30" 
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When two sides of a right-angled triangle are given, the 
third may be found by the well-known property of right- 
angled plane triangles, namely, * the square of the side oppo- 
site the right angle is equal to the sum of the squares of the 
sides containing the right angle' (Euc. i. 47) : thus, in a tri- 
angle ABC, right-angled at C, a^H- 62— ^2 . and if a=-02, and 
J=-l, we have 

c2=(.02)2 + (-l)2, or c= V-0104=-102 nearly. 

If one of the given sides is the hypothenuse, this method of 
finding the third side may be simplified : thus, in the above 
example, given c=*102, and a=-02 ; to find h. 

Since a^-\-h^=iC^ 

.-. 62=:c2-a2=(c + a).(c-a)=-122x -082= -010004 

.• , 6=-l nearly. 

Find the other parts of the right-angled triangle ABC, 
having given 

200. A=52° 38' 0" Ane. C=37^ 22' 

5=45 a=35-76 

B=90° c=27-31 

201. A=49° 14' - '^ ^ ' „ C=40° 46' 

c=331 a=384 

B=90° 6=506-8 

202. A=56° 29' 15^ „ a=3555 
6=4264-3 c=2354 
B=90° C=33° 30' 45" 

203. A=4° 44' „ c=8390 

a=694-73 6=8419 

B=90° C=85° 16' 

204. 6=-2 „ a=1286 
A=40° c=-1532 
B=90° C=50° 

205. c=04 „ a= -04767 



C=40° 6= -06223 

B=90° A=50° 
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206. a=1777-5 Ans. A=56° 29' 15" 
c=1177 C=33 30 45 

B=90° 6=2132-1 

EULB VL 

Two sides and ths inclvded angle of a plane triangle being 
given, to find the area. 

Add together the logarithms of the two given sides, and 
log. sine of the given angle; the sum, rejecting 10 in the 
index, will be the logarithm of twice the required area.* 

EXAMPLE. 

Given a=798, ft=460, and C=55° 2' 15" : required the 

area. 

log. a 2-902003 

» log. 6 2-662758 

log. sin. C 9-913563 

log. 2 area 5*478324 

.-. 2 area 300832 

and area 150416 

207. Given a=245 yards, 5=760 yards, and C=60°: 
required the area. Ans, 80627 square yards. 

EULB VII. 

Three sides of a plane triangle being given, to find the area. 

From half the sum of the three sides, subtract each side 
separately. Add together the log. of the half sum and the 
logarithms of the three remainders. Half the result will be 
the logarithm of the area.f 

♦ By formula I (Part XL) : 

2 area=d e sin. A. 
t By formula K (Part II.) : 

Area=>/« (jt—a) (jt—h) (»— tf) 
where *=i (a-{-h-\-e). 
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EXAMPLE. 

208. Given a=798, 6=460, and c=654 : required the 
area. 

a ... 798 log. 956 ... 2-980458 

b ... 460 956 956 956 log. 158 ... 2-198657 

c ... 654 798 460^ 654 log. 496 ... 2-695482 

2) 1912 158 496 302 log. 302 .. . 2-480007 

956 2 )10-354604 

.•.area=150418 5177302 

209. In the trapezium ABCD, AB=90 ij 
yards, BC=100 yards, CD=110 yards, DA= 
120 yards, the diagonal BD=178-8 yards : re- 
quired the area of the trapezium. 

Ans, 9768*7 square yards. ^ 
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SPHERICAL TRIGONOMETRY. 
PART I. 



CHAPTER III. 

BULES m SPHEBICAL TBIOONOMETBY. 

Rule VIII. — First Method, using Half Haversinbs. 

Three sides of a spherical* triangle being given, to find 
an angle. 

Put down tlie two sides containing the required angle, 
and take the difference, under which put the third side; take 
the sum and difference. 

Add together the log. cosecants of the two iirst terms in 
this form (rejecting the tens from the index), and the half 
log. haversines of the two last terms, t The result will be 
the log. haversine of the required angle, j 

Rule YIII. — Second Method, without Haversines. 
Three sides of a spherical triangle being given, to find an 
angle. 

Put down the two sides containing the required angle, 

* A spherical triangle is that part of the surface of a sphere which 
is bounded by arcs of three great circles, that is, three circles whose 
planes pass through the centre of the sphere. The three arcs are the 
Hdes of the triangles ; and any one of its a/tigUi is the same as the in- 
clination of the planes of the Rides containing .the angle. For other 
definitions in Spherical'Trigonometry, see Trigonometry ^ Part 11. 

f If the student have no table of half log. haversines, he may, 
after a little practice, take out of the table of haversines their halves 
by inspeetion: or, the log. haversines may be written down on the 
paper, and then divided by 2. See example. 

X By formula O (Part IL) 

hav. A=cosec. h . cosec. e y'hav. (a-fd^) . hav. {a—b^e^l^ 
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and take the difference; under which put the third side; take 
the sum and difference, and the half sum and half difference. 
Add together the log. cosecants of the two first terms in 
this form (rejecting the tens A 

from the index), and the log. 
sines of the two last terms ; 
divide by 2, and look out 
the result as a log. sine ; the 
angle corresponding to which 
will be half the required 
angle.* 

210. In the spherical triangle ABC, given a= 124° 10' 0", 
b=Sr 0' 16", c=180° iO' 0" : required the angle A. 

By First Method, 

89° 0' 15" log. cosec [ 0*000066 

108 40 log. cosec 0*023468 

19 39 45 I log. hav. S 4-978000 

124 10 I log. hav. D 4'898018 

S ... 143 49 45 log. hav. A 9899552 

D ... 104 30 15 . • . A=125° 66' 45^^ 




Or thus (according to note f on preceding page) : 

log. hav. of the ) 9*796036 

two last terms i 9*956000 

2) 19*752036 

half log. hav 9*876018 

log. cosecants ) 0*023468 

two first terms I 0*000066 

log. hav. A 9*899662 

.*. A=125° 56' 45" 

♦ By formula O (Part II.) 
8in.«^=co8ec. h . cosec. c . sin. i (a+J^^c) , sin. \ {a—h'^e) 
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64 SPHERICAL TBIGONOMETBY. 

By Second Method, 

log. cosec 0000066 

log. cosec 0023468 

log. sin. (JS) 9-978000 

log. sin. (|d) 9-898018 

2) 19-899552 
log. sin. i A ... 9-949776 
.-. JA=62° 58' 15" 

2 

andA=125 56 30 

EXAMPLES. 

Find the three angles of the spherical triangle ABC, 
haying given : 

211. a= 49° 10' 0" Am, A= 59° 2' 0" 

B= 74 54 
C= 71 18 30 

212. a=119 42 20 „ A=115 38 45 





89° 0' 15" 
108 40 




19 39 45 
124 10 


s . 
D . 


. 143 49 45 
. 104 30 15 


is. 


.. 71 54 52 
.. 52 15 7 



a= 49° 


10' 


0" 


b= 58 


25 





c= 56 


42 





a=119 


42 


20 


6=108 


4 


18 


c= 68 


53 


42 


a= 87 


10 


15 


b= 62 


36 


45 


c=100 


10 


15 



B= 99 21 15 

C= 75 31 30 

213. a= 87 10 15 „ A= 81 24 

B= 61 31 15 

C=102 59 



EuLB IX. — ^FiBST Method, using Haversinbs. 

Two sides and the indvded angle being given, to find the 
remaining side. 

Add together 6*301030, the log. sines of the given sides, 
and log. haversine of given angle ; reject 30 from the index 
of the sum, and take out the natural number of the resulting 
logarithm. To this natural number add the natural versine 
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of the difference of the given sides ; the sum will be the na- 
tural versine of the required side, which find from the tables.* 

Rule IX. — Second Method, without Haversines. 

Two sides and the included angle being given, to find the 
remaining side. 

Add together 6*301030, the log. sines of the given sides, 
and twice the log. sine of half the given angle, rejecting 40 
from the index of the sum; and take out the natural number 
of the resulting logarithm. To this natural number add the 
natural versine of the difference of the given sides ; the sum 
will be the natural versine of the required side, which find 
from the tables.t 

Rule JX. — ^Third Method (requiring only the Common 
Table of Sines, &c.). 

Given two sides and the included angle, to find the third side. 

Take the difference between the two given sides : divide 
it by 2, and thus get fiaK the difference of given sides : find 
also haK the given angle. 

Add together the log. sines of the two given sides, and 
divide the result by 2, to which add the log« sine of haK the 
given angle. Call this sum log. M. From log. M subtract 
log. sine of half the difference of given sides, and look in the 
tables for this result as a log. tangent; and take out the corre- 
sponding log. sine, which subtract from log. M. The remainder 
will be the log. sine of half the required side.^ 

* By formula, p. 94, Part IL, we have 

vers, a^vers. (fi'^o)-\-2 an, J . sin. c . hav. A, 
f Also, at same page, 

vers. a=ver8. (d~c)-}-2 sin. b . sin. c . sin.* — 

2 

• X By fwrnula, p. 95, Part IL, 

. a sin. A A s/sin. b . sin. c 

sm. - = — ■^. — ^ 

2 Bin 9 



,_ . * »i". i A ^/ Bin. b . bin. c 

where tan. 0= ' » i /x — ^i^ 

Bin. i (br^c) 
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Note, When log. M is first found, write it down again a 
little to the light hand, for the convenience of placing under 
it the log. sine to be subtracted. 

EXAMPLE. 

In the spherical triangle ABC, given c=119° 42' 20", 
ft=108^ 4' 18", and A=75° 31' 30" : required the remaining 
side a. 

By First Metlwd, 

const.log. ... 6-301030 

c=119° 42' 20" ... log. sin. c ... 9-938818 

6=108 4 18 ... *„ sin. 6 ... 9*978031 

c-6= 11 38 2 „ hav.A.. 9-574056 

log. ... 5-791935 

nat. No 619349 

nat. ver. (c— 6)... 20544 

nat. ver. a 639893 

. • . a=68° 63' 36'' 

By Second Method, 

const, log. ... 6-301030 

/j=rll9° 42' 20" ... log. sin. c ... 9-938818 

6=108 4 18 ... „ sin. 6 ... 9-978031 

c-6= 11 38 2 „ sin. JA. 9-787028 

iA= 37 45 45 „ sm. J A. 9*787028 

log. ... 5-791935 

nat. No 619349 

nat. ver. (c— 6)... 20544 

nat. ver.a 639893 

. • . a=68° 53' 36" 
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£}( Third Method. 

6=108° 4' 18" log. sin. ft ... 9978031 

c= 119 42 20 log. sin. c ... 9938818 

2)11 38 2 2) 19-916849 

^(hrsjc)b 49 1 9-958424 

log. sin. i A ... 9-787028 

^A= 37 45 45 log. M 19-745452 19-745452 

log. sin. J (ftouc)... 9-005805 

log. tan. 10-739647. log. sin. 9-992916 

log. sin. \a ... 9-752636 
.•.ia=34°26'45" 

2 

. • . side a=68 63 30 

EXAMPLES. 

Find the third side of the spherical triangle ABC, having 
given : 

214. A= 96^32' 0^ 

6= 76 42 

c= 89 10 30 Am. a= 96° 9' 67" 

215. A=s 50 

&= 70 46 10 

c= 62 10 15 „ a= 46 19 32 

216. a=100 8 42 
6= 98 10 6 

0= 88 24 24 „ (5= 87 50 

217. 6=118 2 14 
c=120 18 33 

A= 27 22 34 „ a= 23 57 9 

218. a= 87 10 15 
5= 62 36 45 

C=102 58 30 „ (5=100 9 38 

219. a= 69 19 10 
ft= 78 59 14 

C=110 48 42 „ (5=104 69 67 
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Rule X. 

Of two sides and the opposite angles, any three being 
given J to find the fourth. 

Write dowii a proportion having for the two first terms 
the sines of the two sides concerned, and for the third term 
the sine of the angle opposite to the first side put down, and 
for the fourth term the sine of the angle opposite to the other 
side put down in the proportion. Mark the term required, 
and proceed as in the corresponding rule for plane triangles 
(p. 47) .♦ 

EXAMPLES. 

[1]. In the spherical triangle ABC, given a=70° 10' 30", 
J=80° 5', and B=33° 15' : required the angle A. 
[2]. 5=119° 42' 20", a=108° 4' 18", and A=99° 21' 30" : 
required B. 



sin. a 


: sin. h : : sin. A : sin. B 


sin. a : sin. b : : sin. A : sin. B 


log. 


sin. a ... 9-973466 


log. sin. 6 ... 9-938818 


99 


sin. B ... 9-739013 


„ sin. A ... 9-994181 




19-712479 


19-932999 


» 


sin. b .„ 9-993462 


„ sin. a ... 9-978031 


99 


sm. A... 9-719017 


„ sin. B ... 9-954968 


•• 


. A=31° 34' 30" 


.-.B=180°-64°21'30" 
=115° 38' 30" 



In example [1], a being less than 6, A is less than B, and 
therefore A is less than 90°. 

In example [2], b being greater than a, B is greater than 
A, and therefore B is greater than 90° : h^nce the angle 
taken out of the tables must be subtracted from 180° to get B. 

Unless by some limitation of this kind it should be de- 
termined that the required angle is less or greater than 90°, 



By formula N (Part II.) 
Bin. a 



sin. A 



fiin. d sin. B 
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this rale is considered ambignous. See corresponding rule 
for plane triangles (p. 50). 

KULB XL 

Two sides and the incltided angle being given, to find the 
oth&t" two angles. 

Take the sum and difference of the two given sides, and 
the half sum and half difference, and also half the given angle. 

Under heads [1] and [2], put down the following log- 
arithms : 

Under [1] and [2], log. cot of half the given angle. 

Under [1], log. cosec. ) of haK the sum of the given sides 

Under [2], log. sec. / (rejecting 10 in each index). 

Under r 11, loof. sin. ) «, n/. i -..«. ^ . .^ 

TT J rnn 1 ?- of half the difference of given sides. 

Under J_2], log. cos. J ^ 

Add together the logarithms under [1] and [2], and (rejecting 
10 from each index) the results will be the log. tangents of 
half the difference and half the sum of the required angles 
espectively, which take firom the tables (a). 

The sum 6f the two arcs thus found will be the. angle op- 
posite to the greater of the given sides ; and their difference 
wiU be the angle opposite to the less of the given sides.* 

(a). Note. If half the ^um of the given sides be greater 
than 90°, half the sum of the required angles will also be 
greater than 90° : in this case, the arc found as above under 
[2] must be subtracted from 180° to get half the sum of the 
required angles. 

EXAMPLE. 

In the spherical triangle ABC, given aF=124:° lO', 



By formula T (Part XL) 
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6=89° 0' 15", C=112° 1' 30": roquired the other two angles, 
AandB. 

a=124° 10' 0" C = 112° V 30" 

6=. 89 15 .>. ^C^ 56 45 

a + 6==213 10 15 J(a + 6) = 106 35 7 

a-6= 35 9 45 J(a-6)= 17 34 52 

[1]. [2]. 

cot. JC 9-828783 cot. | C 9828783 

co8ec.i(a+6) ... 0-018455 sec. ^ (a +6) ... 0-544480 

siiLj(a-6) 9-480090 cos. | (a -6) ... 9-979225 

tan. i(A-B) ... 9327328 tan. arc 10352488 

. •. i (A-B) ... 11° 59' 45" . •. arc ... 66° 3' 0"* 

180 

.•.f(A+B) ... 113 57 

andJ(A-B) ... 11 59 45 

.•.A=125 66 45 

B=101 57 15 

221. Given 6=89° O' 15^ c=108° 40', A=r 125° 56' 45": 
to find the angles B and C. 

Ans. B=101'' 57' 15", C=112° 2'. 

Examples to this and the following rule are easily formed 
out of those already given ; as Ex. 211, &c. 

Rule XII. 

G'iven two angles and the included side, to find the other 
two sides. 

Take the sum and difference of the two given angles, and 
the half sum and half difference, and also half the given side. 

Under heads [1] and [2] put down the following logar- 
ithms : 

Under [1] and [2], log. tan. of half the given side. 

* The arc 66° 3' is subtracted from 180°, because the sum of the 
sidea a and b is greater than 160°. (See note, p. 69.) 
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Under [1], log. cosec. ) of half the sum of the given angles 

Under [2], log. sec. / (rejecting 10 in each index). 

Under fll log. sin. )«,,«,, ,.«. 

XT J r«T 1 f of half the diflterence of given angles. 

Under [2], log. cos. J ^ ^ 

Add together logarithms nnder [1] and [2], and (rejecting 10 

in each index) the results will be log. tangents of halft!he 

diflTerence and half the sum of required sides respectively (a). 

The sum of the two arcs will be the side opposite the greater 

of the given angles, and their difference will be the side 

opposite to the less of the given angles.* 

(a) Note, If half the sum of the given angles exceed 90**, 

the arc taken out under [2] must be subtracted £N)m 180^, to 

give half the sum of the required sides. 



EXAMPLB. 



222. Inthe spherical triangle ABC, given A=n3** 33' 30", 
B=51^ 30' 20", and c=:60*' 18' 4" : required the other two 



c=60° 18' r 
.•.ic«30_9_2 
^(A+B)=82 31 55 
^(A-B)=31 1 35 

[2]. 

tan. Jc 9-764070 

sec. J(A+B) .. 0-886220 
cos. i (A— B) .. 9-932952 
tan.i(a+6) ...10-583242 

i(a+fe) 75° 22' 

H«-^) 16 48 

a==92 10 
6=58 34 



AssllS** 33' 3Q" 
B= 51 30 20 
A+B=165 3 50 
A-B= 62 3 10 

[1]. 

tan.ic 9-764070 

cosec. ^ (A+B) . . 0003700 
sin. i (A-B) ... 9-712173 

tan. ■i(a-6) 9-479943 

i(a-6) 16° 48' 



♦ By formula U (Part XL) 
tan. i ia-\-hy 

tan. \ (a— J)=' 



COS. 
COS. 

sin. 
Bin. 



h (A-B) 
4 (A+B) 
i (A-B ) 
\ (A+B) " 



tan. i 



tan. \ e 
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EULE XIII. 



BIOHT-ANOLED BPHEBIOAL TBIANGLBS. 

In a right-angled spherical triangle ABC, A being the 
right angle, the two sides adjacent to the right 
angle b and c, and the complements* of the three 
other parts, namely, co. a, co. B, and co. G, are 
called the five circidar parts. By the following 
rules, called, from the name of their author, 
Nayiei^s Rulea, two of these parts being given, 
any one of the other three may be found. 

In applying the rules, we must select one of 
the three parts concerned, such that the other 
two may either be hoth adjacent to it, or both separate from 
it. The part so selected is called the middle part. Rule A 
will apply to the former case, Eule B to the latter. 




Rule A. 

The sine of the middle part is equal to the product of the 
tangents of the two parts adjacent to it. 

* The eompUment of an angle is what it wants of 90° ; thus, in the 

, P right - angled triangle PNC 
(Ist fig.), the angle P, or 
90^~A, is the complement of 
the angle A. It may easily be 
proved that fhe sin., tan., sec., 
COS., cot., and cosec. of an 
angle are the cos., cot., cosec., 
sin., tan., and seo, of its com- 
plement respectively. Thus, 

let the two triangles CPN be equal to each other in every respect, then 

P is the complement of A, or co. A. 

FN 

Now [Art. (5), p. 3] sin. A=^p=cos. (90°--A)=cos. co. A 

PN 
tan. A=^qz=r=cot. (90°— A)=oot. co. A, Sec, 

Hence, in the above rules, sin. A is substituted for cos. co. A ; cos. A 
for sin. co. A ; cot A for tan. co. A, dec. (See Part II.) 
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The sine of the middle part is equal to the prodact of the 
cosines of the two parts opposite to, or separated from it* 

Haying written down the equation according to the case, 
make a dash under the part required, and determine its mag- 
nitude by applying the proper signs (+ or — ) to each term 
(Rule XVI. p. 30). 

BXAMPLBB. 

In a right-angled spherical triangle ABC, given &= 
74° 19' 30", c=38° 66', and A=90° : required the other 
three parts. 

Make a triangle for each of the three required parts, and 
mark the two given parts and the unknown part as directed 
(p. 48), and then consider which i. 2. c a C 

of the three is the middle part, 
and whether the other two mark- 
ed parts are adjacent, or opposite 
parts. B 

Thus in fig. 1, to find B, the right angle A not being con- 
sidered as a part, c will be the middle part, and complement 
B and h are the adjacerd parts. 

. • . By Rule A, sin. c=tan.. co. B. tan. h 
or sin. c=cot. B . tan. b 

(since tan. co. B^cot. B by note, p. 72) : and determining 
the sign of B by Rule XVI. p. 30, we have 

+ + + 

sin. c=cot. B . tan. h 

In logarithms, 

log. sin. c— 10=log. cot. B— 10+log. tan, 6—10 
whence log. cot B=log. sin. c+10— log. tan. h 

* For verification of these roles, see p. 72, Part II. 
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Calculation, 

b=74? 19' 30" log. Bin. c+10 19-798247 

c=38 56 „ tan. 6 10-551887 

„ cot. B. 9-246360 

.•.B=80° 

In fig. 2, to find C. Marking the figure in the usual 
manner, we see that b is the middle part, and c and C the 
adjacent parts. 

. • . By Eule A, Calculation. . 

sin. 6=stan. e . tan. co. C log. sin. 5+ 10.. 19983540 

4- + + „ tan. c 9-907336 

or sin. &=tan. c . cot. C „ cot. C 10*076204 

.-.0=40° 

In fig. 3, tp find a. In this case a is the middle part, 
and b and c are the parts separated £:om it. 

. • . By Eule B, Calculaiion, 

sin. CO. a=cos. b , cos. e log. cos. b 9-431654 

+ + + „ COS. c 9-890911 

or COS. a=cos. b . cos. c log, <50S. a (rejecting 10) 9*322565 

■^ .-.0=77° 52" 

'* A •'>7\ •-!>7\ Given A= 90°, B 

9 « j! b * a b * A the other parts. 

To find a (fig. 1> To find I (fig. 2). To find e (fig. 3). 

COS. «=cot. B . cot C COS. B= co8. h . sin. C cos. C=8in. B . cos, c 

log. cot. B . 9-321222 cos. B+ 10. 19-811893 cos. C+10 . 19-821667 

„ cot. C . 9-947608 sin. C 9*874148 sin. B 9*990671 

„ COB. a . 9*268730 cos. h 9*437746 cos. <? 9*830986 

79° 18' 0" . • . &=74° 6' 46" 47° 20' 80" 

180 180 

. • . a=100 42 . • . <J=132 39 30 
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In a right-angled spherical 
. parts, having given : 

223. B= 72^19' 

5= 50 50 
A= 90 

224. &= 60 10 
(j=100 



225. 



226. 



227. 



228. 



229. 







10 





0" 

















23 

30 

4 



A= 90 
B=100 
C= 87 
A= 90 
c— 46 18 
B= 34 27 
A= 90 
c=118 21 
A= 23 40 12 
B= 90 
a=100 42 
B= 78 10 
A= 90 
c= 53 14 20 
A= 91 25 58 
B= 90 



triangle ABC, find the other 

Ans. a= 54^28' 0" 
c= 23 2 15 
C= 28 45 

„ B= 60 32 45 
C= 98 41 45 
a= 94 57 15 

„ a= 90 30 
5=100 45 
c= 87 7 15 
. ^ ^»= 26 23 15 
a= 51 46 15 
C= 66 59 30 

„ 5=116 18 0' 
* C=100 59 30 
o= 21 5 45 

„ C=131 32 45 
c=132 39 30 
5= 74 5 45 

„ 6= 91 4 15 
C= 53 15 
a= 91 47 15 



Rule XIV. 



QUADBANTAI^ SFHEBIOAL TBIANGLES. 

A spherical triangle having one side 90° is called a gmd- 
rantal triangle. 

The five circular parts in a quadrantal 
triangle are the two angles adjacent to 
the quadrant, and the complements of the 
other three; thus, if ABC be a quadrantal 
triangle, the. side a being 90°, the five 
circular parts are ihe angles adjacent to the 
quadrant B and C, .^(^ the complements 
of the angle A and of the sides h and c. 
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Any two of these parts being given, a third may be found 
by the preceding rules for right-angled triangles (p. 72). 

The magnitude (whether greater or less than 90^) of the 
part required is determined by Rule XVI. p. 30, observing, 
that lahen two angles or two sides come together on the same 
side of the equation, the sign — must be placed before them, 
and the three signs thus placed on one side of the equation ' 
must be made to produce the same result (positive or na- 
tive) as the sign of the other side.* 

BXAMFLE8. 

In the quadrantal triangle 
ABC, given B = 80° 10', C = 
48° 50', and a=90 : find the 
A oth» parts. 

To find A (Ag. 1). To find b (fig. 2). To find c (fig. 8). 

+ +H-++ + +H- 

co8.A =— COB. B . COS. C Bin. C==tan. B . cot. > Bin. B=tan. C . cot. e 

log. COS. B . 9-282444 sin. C+10 . 19-876678 sin. B+10 . 19-993672 

„ 008. C . 9-818392 tan. B . . . . 10-761128 tan. C 10058287 

„ COS. A . 9050836 cot. & 9115550 cot. 9*935285 

83° 32' 46" fc=82** 34' c=49° 15' 51" 

180 

A=96 27 16 

In a quadrantal spherical triangle ABC, find the other 
parts, having given : 

230. a= 90° 0' 0" Ans. B= 74° 36' 30" 
A=100 6= 78 14 30 

c= 50 10 C= 49 8 

231. B= 45 „ A=107 10 16 
c= 72 6= 47 44 30 
a= 90 C= 65 19 15 

* For yerification of rules for quadrantal triangles, see p. 74, * 
Part IL 
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232. 5= 90° 0' or Arts, B= 88° 36' 45" 
a=100 A=100 5 45 
c= 82 10 30 C= 82 3 15 

233. a= 90 „ A= 96 17 45 
B= 80 10 &= 82 26 
C= 50 2 c= 50 27 

234. A= 72 49 45 „ C=114 40 45 

fc=; 47 44 30 B= 44 59 45 

a= 90 c=:108 

235. c= 49 23 45 
5= 76 41 
a= 90 

236. a= 60 10 15 
h= 80 20 30 
e= 90 



A=101 


42 


15 


B= 72 


20 


30 


C= 48 


1 


50 


A= 59 


41 


45 


B= 78 


51 





C= 95 


36 
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EXAMINATION^ PAPEES IN PEECEDING EULES. 

I. 

237. Eequired the product of 18 x 48 x 6*2 x 4 

An8, 21427 

238. Divide 236 by 16-1 „ 1466 

239. Eequired the 3d power of 12-6 „ . 1953125 

240. „ 4th power of -076543,, -000034326 

241. „ 6th root of 11078 „ 4-72146 

242. „ 7th root of -098674 „ -7183146 

243. „ value of (19)' .„ 3*247 

244. „ value of a; in the following proportion : 

24 : 17-6 : : 79 : a: Atis, a;=:57-604 

245. Eeduce the following expression to l6garithins : 

a?=-3- Ans. log. x=2 log. a+log. ft— log. c— log. d 

cd 

246. Find the value of a; in the following equation : 
2'=769. Ans. ic=9-5868 

247. The first term of a geometrical series is 2, its com- 
mon ratio 3, and number of terms 8 ; find the sum. 

Ans, S=6560 

248. K400Z. be placed out at compound interest for nine 
years, at 4Z. per cent per annum, required its amount. 

Ana, 569;. 6«. %d. 
II. 

249. In the plane triangle A£C, given a=10, ft=15, and 
c=20; required the angle A. Ans. A=28° 57' 15" 

250. In the plane triangle ABC, given a=25-125, ^=12^, 
and A=68° 48'; to find B. Ans, B=27° 38' 15" 

251. Given a=399, ft=230, and 0=55° 2' 15"; required 
the angle A. Ans. A=89° 45' 37'' 

252. Given a=40, 6=60, and C=100°; required c. 

Ans, c=77-68 

253. In the right-angled triangle ABC, given B=90°, 
a^210, and A^50° lO'; required the other parts. 

Ans, C=39° 50', c=175-l, 5=273-5 
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254. Given a=399, 6=230, and 0=124^ 57' 46"; re- 
quired thfe area. Ans. S7604 

255. Given a=399, ft=230, and c=327 ; required the ' 
area. Am. 37604-7 

256. Give definitions of the dine, cosine, tangent, cotan- 
gent, secant, cosecant, and versine of an angle. 

III. 

257. In the spherical triangle ABC, given a=120° 54', 
ft=105° 6', and c=108° 41' 30"; required the angles A, B, 
and C. Ans. A=130° 50', B=121° 35', and C=123° 18' 

258. In the spherical triangle ABC, given a=64° 21' 15", 
6=80° 38' 45", and c=104° 28' 30"; required the angles A, 
B, and C. 

Ana. A=60° 17' 45", B=7P 55' 45", and C=l 11° 6' 15" 

259. Given a=87° lO' 15", c=100° 10' 15", and B= 
61° 31' 15" ; required b. Ans. 5=62° 36' 45" ' 

260. Given a=81° lO', A=81° 24', and 6=62° 36' 45"; 
required B. Ans. B=62° 41' 

261. Given a=49° 10', 6=58° 25', and C=71° 18' 30"; 
required the angles A and B. Ans. A=59° 2', B=74° 54' 

262. Given a=87° 10' 15", c=100° 10' 15", and B= 
61° 31' 15"; required the angles A and C. 

Ans. A=81° 24', C=102° 59' 

263. Given a=59° 2', B=74° 54', and c=56° 42'; re- 
quired the sides a and 6. Ans. a=49° 10', 6=58° 25' 

264. Given A=115° 38' 45", C=75° 31' 30", and 6= 
108° 4' 15"; required the sides a and c. 

Ans. a=119° 42' 15", c=68° 53' 45" 

IV. 

265. In the right-angled spherical triangle ABC, given 
B=60° 32' 15", a=94° 57' 20", and A=90° ; required the 
other parts. ' Ans. C=98° 41' 46", (5=100°, 6=60° 10' 

266. Given a=77° 62' 10", 6=74° 19' 30", and A=90°; 
to find the other parts. 

Ans. c=38° 56' 24", B=80°, C=40° 
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267. In the quadrantal triangle ABC, given a=90°, 
B=74° 36' 3(y', and c=50° 10'; required the other parte. 

Ans. A=100° 5=78° 14' 25", C=49° 8' 15" 

268. Given a=90^ A=96° 17' 52", ft=82° 26'; required 
the other parte. An^. B=80° 10', C=50° 2', c=50° 27' 

V. 

269. Required the product- of 2*4 x 0036 x 1*08 x '1. 

Ans. -0009072 

270. Divide 9-5 by -36. Ana. 26-389 
T.. , ,, , . 8-4 X -0769 X -00683 

^"^^ '^^ ^^^^ "^ 59-8 X -0000146 X -0039 

Ans. 1295-71 

' 271. Find the 3d power of -2321 and the 72d power of 

•96797. Ans. -0125 and 096 

272. Required the 200tli root of -0063241. Ans. -975 

273. Required the value of V6958825. Ans. -00663 

274. Required the value of the following expression : 

^V096 + C096)-^« ^^ ,^^ 

2*0 

275. In the plane triangle ABC, given a=|, 5=-2706, 
and c=-3375; required the angle C. Ans. C=lll*' 47' 45" 

276. In the plane triangle ABC, given a=116, 5=1725, 
and A=37° 20^; to find B. Ans. B=64° 24', or 115° 36' 

277. In the plane triangle ABC, given a=-512, 6=627, 
and C=42° 53' 38"; required the angles A and B. 

Ans. A=54° 8' ir',*B=82° 58' 11" 

278. Given b=% c=-25, and A=22° 20'; required the 
third side a. Ans. a=-l 

279. In the right-angled plane triangle ABC, given a= 
177}, c=117-7, and B=90°; required the side b. 

Ans. 5=213-21 

280. In the trapezium ABCD (fig. p. 61), given the side 
AB=90 yards, BC=100 yards, CD=110 yatds, DA=120 
yards, and the angle DAB=116° ; required the area. 

Ans. Aiea=9768-7 yards 
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CHAPTEE IV. 

APPLICATION OP THE RULES AND POEMULiE OP PLANE AND 
SPHERICAL TRI€K)NOMBTRT TO THE SOLUTION OP PROBLEMS 
IN ASTRONOMY, SURVEYING, AND NAVIGATION. 

(37). When a line joining any two points in space is 
accessible throughout its whole extent, it may in general be 
measured by the successive application of some line of a 
known length ; but when it is inaccessible, or cannot be di- 
rectly measured, we may obtain its length by considering it 
the side of a triangle^ if we already know, or can find by ob- 
servation, a sufl&cient number of parts of that triangle to enable 
us to apply one or more of the preceding rules. It is thus 
that the mensuration of inaccessible lines of any length is 
found by means of that of accessible lines and angles. 

The angle DOC, contained by lines drawn from a point 
to two remote objects d 

C and D, may be mea- 
sured by placing a cir- 
cle in the plane passing 
through the two objects, 
and having its centre at 
the angular point 0. The straight edge of a ruler being then 
placed on the circle so as to pass through its centre, and, by 
means of sights placed over it, directed first to one object and 
then to the other, the arc AB of the circumference between 
the two positions of the ruler can be found ; this is the mea- 
sure of the angle 0. 

(38). The principal instruments for measuring angles are 
the theodolite and sextant. A theodolite is the most conve- 
nient instrument for measuring horizontal and vertical angles : 
it is composed of two circles having their planes perpendicu- 
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lar to each other. When the instrument is nsed, one of the 
circles is placed in a horizontal plane, by means of levels ; on 
this circle horizontal angles are measured; on the other are 
measured vertical angles, whether of elevation or depression 
(that is, whether the object is above or below the horizontal 
line). A Sextant is employed to measure angles contained in 
any plane whatever. It is more suited for observing angular 
distances of heavenly bodies than the theodolite ; but the 
latter is better adapted for Surveying than the former, since 
it determines the horizontal angles at once ; but those ob- 
served with the sextant must, when out of the plane of the 
horizon, be reduced to that plane by calculation, to suit them 
to the purposes of the survey. 

We will not stop to give particular descriptions of the 
theodolite and sextant : their construction will be best learned 
by a careful study of the instruments 4hem86lves; we shall 
therefore suppose the manner of adjusting and applying them 
to practice is known,* and proceed to give a collection of pro- 
blems in which these instruments have supplied for the most 
part the necessary data. 

Section L 

Problems in 8urvei^ing, ^c. 

The rules of Plane Trigonometry just given will enable us 
to solve many useful and interesting problems in Surveying 
and Kavigation. A large collection of these will be found at 
the end of the book ; they have been selected to serve as an . 
introduction to ^Navigation and Nautical Astronomy. We < 
will give, however, in this place a few that most frequently 
occur in practice, with their solutions at length ; and as it is 
often very necessary that a naval student should know how 
to solve trigonometrical problems, not only by logarithms, 

* The adjustments and method of using the sextant, the instra- 
ment chiefly used by the seaman for measuring angles, are fully de- 
scribed in Navigation, Part I. 



Digitized by 



Google 



FBOBLBMB IK ST7BVEYIN6. 83 

"but also instrumentdlly, that is, by constructing the figures 
with the aid of mathematical instruments, we will make use 
of both methods when we come to solve some of the problems 
in Navigation. 

1. Wishing to find the height of a tower, I observed the 
angle of elevation of its top above the level of my eye to be 
32° 14'. I then measured the distance a& from the place of 
observation to the base of the tower, and found it to be 142 
feet. Eequired the height of the tower. 

Let CB represent the tower, and A the place of the ob- 
server : draw the horizontal line AB at a height above the 
ground equal to the height of the eye, and join AC. Then in 



A .-"' 


,/"■ 

.'-'' 


B 


I 


r- 









the right-angled triangle ABC are given AB=142 feet, the 
angle CAB=32° 14', and the angle B7=90° ; to find CB, the 
height of the tower above the horizontal line AB. 

CB 
By Eule, p. 57, -j^sstan. A 

. • . CB=AB tan. A. 
AB=142 . • . log. CB=log. AB -l-log. tan. A— 10 

A=32M4' „ AB 2152288 

„ tan. A 9-799717 

„ CB 1-952005 

.•.CB=89-5feet. 

To the value of CB must be added the height of the eye Aa : 
the result will be the height of the tower required. 

2. Being on Southsea Common, and wishing to find my 
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distance from a ship at anchor at Spithead, I observed "with 
a sextant the angle between the ship and the steeple of St. 
Thomas's Church to be 72° 42'. I then walked 500 yards in 
a direct line towards the church, and again took the angle 
between the ship and the steeple, and found it to be 82° 45'. 
Bequired my distance firom the ship at each observation. 

Let C be the ship at anchor, A my first station, B the 
second, and P the church. Then the angle CAP=72° 42', 





/ / 
/ / 

A B P 

CBP=82* 45', and the line AB=500 yards, are given to find 
AC and BC, my distances at each observation. 

In the triangle ABC, the angle ABC=180°-CBP=:97° 16' 
. • . angle C=180°-(72° 42'+97° 15')=10^ 3'. 

(1.) To find BC. 

By Rule, p. 47, BC : AB : : sin. A : sin. C. 

AB=500 log. AB 2-698970 

A=72°42' .„ sin. A 9-979895 

C=10 3 12-678865 

„ sin. C 9-241814 

BC 3-437051 



)> 



. • . distance BC=2735 yards. 

(2.) To find AC. 
AC : AB : : sin. ABC : sin. C 
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AB=500 log. AB 2-698970 

ABC=97°15' „ sin. ABC... 9-996514 

C=10 3 12-695484 

„ siiLC 9-241814 

,, AC 3-453670 

. -. distance AC =2841 yards. 

3. Being ordered to place a taigei at 500 yards from the 
ship, and knowing that the height of the truck above the 
water-line was 213 feet, it is required to find what angle this 
height will subtend on my sextant when I am at the required 
distance (before allowing for index correction of instrument). 

Let BC represent the ship's mast, A the required place of 

c 




A B 

the target : then the angle BAC is the angle which must be 
read off on the sextant (supposing it to have no ind. cor.). 

In the right-angled triangle ABC are given the side BC= 
213 feet, AB=500 yards, or 1500 feet, and B=90°; to cal- 
culate the angle A. 

BC 
By Rule, p. 57, tan. A=-j^ 

BC= 213 . • . log. tan A— 10=log. BC— log. AB 

AB=1500 or log. tan. A=10+log. BC-log. AB 

log.BC + 10 12-328380 

„ AB 3-176091 

„ tan. A 9-152289 

.-. A=:8°5' 

4. Sailing in company with another ship, and being ordered 
to keep at the distance of 500 yards from her, and knowing 
that the height of her mast above the hammock nettings was 
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198 feet, it is required to find what angle on my sextant will 
indicate the proper distance. 

Let A and B be the two ships, A the place of the observer, 
aud CAB the angle subtended by the mast CB at A. Then 





in the right-angled triangle CAB are given CB=198 feet, 
AB=1500 feet, and B=90°; to find the angle CAB. 

CB 
By Rule, p. 57, tan. -A.=-j^ 

CB= 198 . • . log. tan. A-10=log. CB— log. AB 
AB=1500 log. tan. A=:10+log. CB— log. AB 

log. CB+10 12-296665 

„ AB 3-176091 

„ tan. A 9-120574 

. • . A=7° 31' 15" 

5. Wishing to determine the height of a lighthouse C on 

XT 




the summit of a cliff on the seashore, I observed the angle of 
elevation CAD of its top above the level sand tobe 26° 40'; 
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then, measuring on the sand in a direct line towards it a line 
AB=200 yards, I again observed the angle of elevation of 
its top, and found it to be 33® 30'. Eequired the height GB 
of the lighthouse above the shore. 

(1.) In the triangle CAB are given AB=200, angle CAB 
=26° 40', angle ABC=180° -33° 30'=U6° 30', and there- 
fore the remaining angle ACB=6° 50'; to find the side CB. 

By Eule, p. 47, CB : AB : : sin. A : sin. ACB 

AB=200 log. AB 2-301030 

A=26°40' ,, sin. A 9652052 

ACB=^6 50 11-953082 

„ sin. ACB 9-0754 80 

„ CBJ 2-877602 

.-. CB=754-4 yards. 

(2.) In the right-angled triangle CBD are given log. CB 
=2-877602, angle CBD=33° 30', and D=90°; to find CD, 
the height of the lighthouse. 

By Rule, p. 67, ^=sin. CBD . •. CD=CB sin. CBD 

.'. log. CD=log. CB+log. sin. CBD— 10 

log. CB ; 2-877602 

„ sin. CBD 9741889 

12-619491 

10 

„ CD 2-619491 

.-. CD=416-3 yards. 

6. Standing in for the land, I observed the summit of a 
lofty mountain near the shore. I took the angle of elevation 
of the peak, and found it to be 12° 25'; after having run 3^ 
miles directly towards it, I again took the angle of elevation, 
which was 30° 13'. Required the height of the mountain, 
and its distance from the second station. 
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Let CD represent the mountain, A tlie ship's place at 
the first observation, B the place at the second observation. 
Then, in the triangles CAB and CBD we have given the side 




it 

AB=3-5 miles, the angle CAB=12° 25', and the angle 
CBD =30° 13'; to find the height of the mountain CD, and 
the distance DB from the station B. 

(1.) To find BC. 
In the triangle ABC, BC : AB : : sin. BAC : sin. ACB. 

AB=3-5 log.AB 0-544068 

BAC=12° 25' „ sin. BAC 9-332478 

ACB=CBD-BAC 9876546 

CBD=30°13' „ sin. ACB 9-485289 

BAC= 12 25 „ BC 0-391257 

.-. ACB=17 48 . • . BC=2-46 nules. 

(2.) To find CD. 

CD 
In the right-angled triangle CBD, ■^T;;=sin. CBD 

.-. CD=BC . sin. CBD 

BC=2-46 log. BC 0-391257 

CBD=30°13' „ sin. CBD... 9-701802 

„ CD 0093059 

.•.CD=l-24imles. 

(3.) To find DB. 

BD 
In the right-angled triangle CBD, ^57^= cos. CBD 

.-. BD=BC . COS. CBD 
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BC=2-46 log. BC 0-391257 

CBD=30° 13' „ C08. CBD ... 9936578 

„ BD 0-327835 

.•.BD=2-13iniles. 
7. Wishing to know the distance between two ships at 
anchor at C and D, I measured on the shore a base line AB= 
735 feet, and with a sextant observed the following angles. 





, / 



A B 



At A, one end of the base, CAD=63° 30', and DAB=35* 10'; 
at B, the other end of the base, DBC=80° 16', and CBA= 
28^ 20'. Eequired CD, the distance between the two ships. 

(1.) In triangle ACB, find AC. 

(2.) In triangle ABD, find AD. 

(3.) In triangle ACD, find CD. 

(1.) To find AC. 
In triangle ACB are given AB=735, CBA=28° 20', 
CAB=63° 30'+ 35° 10'=98° 40', and therefore the remain- 
ing angle ACB=53®. 
CBA= 28° 20' AC : AB : : sin. CBA : sin. ACB 

CAB= 98 40 log. AB 2-866287 

127 „ ain.CBA .... 9-676328 

180 • 12-542615 

ACB= 53 „ sin. ACB 9902349 

AB=735 „ AC 2-640266 

. • . AC=436-8 
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(2.) To find AD. 

In the triangle ABD are given AB=735, DAB=36° W, 
ABD=28° 20' +80° 16'=108° 36', and therefore the re- 



DAB= 36° Vy 


AD : AB : : sin. ABD 


: sin. ADB 


ABD=108 36 


Iog.AB 


. ?-866287 


143 46 


„ sin. AJBD ... 


. 9-976702 


180 




12-842989 


ADB= 36 14 


„ sin. ADB ... 


. 9-771643 


AB=735 


„ AD 


. 3-071346 



.-. AD=1178-5 

(3.) To find CD. 

In the triangle ACD are given AC=436-8, AD=1178-5, 
and the included angle CAD=63° SV. 

By Rule IV. second method, p. 55. 

AD 1178-5 

AC 436-8 

AD+AC. 1615-3 
AD -AC. 741-7 



CAD 63^30' 

.-.J CAD... 31 45 



[1.] 
log. (AD+AC)... 
„ (AD-AC)... 

^, tan. i CAD.. 



3-208253 
2-870226 
0-338027 
9-791563 
tan. arc 10-129590 



[2.] 
log. (AD+AC)... 
„ Bin.iCAD... 



3-208253 

9-721162 

12-929415 

sin. arc 9-904757 

CD 3024658 

.-.CD=1058-5 



Ab the two following problems are of great use in Marine 
Surveying, we will solve them by logarithms, and also by a 
geometrical construction. In problem 98 of the volume of 
Astronomical Problems, analytical solutions of the same 
problems are also given. 

8. Wishing to determine the position of a sunken rock at 
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the entrance of a bay, and the water, being smooth, I anchored 
a boat upon it, and measured with 
a sextant the angles which three 
objects, A, B, and C, on the shore 
subtended at the boat. They were 
as follows : the angle between A 
and the object B to the right was 
26° 27', and the angle between B 
and the object C to the right was 
34° 12'. On my chart of the bay 
I carefully measured with com- 
passes the distances between the 
three objects, and found AB=5 
miles, BC=6 miles, and AC =7 
miles. Eequired the distance of the rock from A, B, and C. 

(1.) By ConsirucHon, 

By mes^ of a scale of equal parts make the triangle ABC, 
having the side AB=5, BC=6, and AC =7. At the point C, 
on the side of AC fiEirthest from the boat, make the angle 
ACD=26° 27', the angle observed between the other two 
objects A and B ; and at the point A, on the farthest side 
also from the boat, make the angle CAD =34° 12', the angle 
between the other two objects B and C : produce the sides 
AD and CD till they meet in D. Then describe a circle to 
pass through the three points A, D, and C ; and the position 
of the rock will be somewhere in the circumference of that 
circle. To find that position, join BD, and produce it to the 
circumference in G ; then G will be the station sought^ or 
the position of the rock. 

For, the angles in the same segment of a circle being ^qual 
{Eudid, b. iii.), therefore AGB=ACD=26° 27', and CGB=. 
CAD =34° 12'; and these were the angles observed at the 
boat. Hence G must be the position of the boat ; and GA, 
GB, and GO measure respectively the distance of the rock 
from each of the objects A, B, sind C. 
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(2.) By Trigonometry, 

ABSume any point G to be the position of the boat, and 
let A, B, and C be the objects. Describe roughly a circle 
passing through the three points A, G, C. Join GA, GB, and 
GC. Then GA, GB, and GC are the distances required. Draw 
AD^ CD to the point of intersection D. Then, by Geometry, 
since the angles in the same segment of a circle are equal, 
. •. CAD==CGB=34° 12', and ACD=AGB=26° 27'. 

[1.] Find AD, having given in the triangle ADC the side 
AC=7, the angle ACD=26° 27', and ADC=180^-(34° 12' 
+26°27')=119°21'. 

[2.] Find angle BAC, having given the three sides of the 
triangle ABC. 

[3.] Find angle ABD, having given AB, AD, and angle 
BAD (=BAC-CAD). 

[4.] Find GA, GB, and angle BAG, having given in the 
triangle ABG the side AB and the angles AGB, and ABG. 

[5.] Find GC, having given in the triangle AGC the 
side AC, the angle AGC, and the angle CAG(=BAG— 
BAC). 



Calculation. 



[1.] To find AD. 



[2.] To find angle BAC. 



AC : AD :: sin. ADC : sin. DCA 



AC=7 0-845098 

ADC=cll9° 21' 9-648766 

DCA= 26 27 10-493864 . 

9-940338 

0-663626 

.-. AD=3-677 



7 9-154902 
AB=5 5 9-301030 
BC=6 2 0-602060 
AC=7 6 0-301030 

8 9:369022 
4 BAC=67° ri5" 
4 CAD= 34 12 
2.-.BAD=22 55 15 



[3.] To find angle ABD. Rule m., p. 52. 
AB+AD:AB-AD;:tan.KADB+ABD);tan.^(ADB~ABD) 
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AB=5 
AD=3-577 



0-163206 
10-692995 



8-577 


10-846200 


1-423 


0-933335 


BAD= 22° 55' 15" 


9-912865 


180 • 


39° 17' 15" 


157 4 45 


78 32 22 


78 32 22 


ADB=117 49 37 




ABD= 39 15 -7 


[4.] To find GA, 


GB, and the angle BAG. 


AB=5 


AB : GA : : sin. AGB : sin. AB( 


AGB= 26° 27' 


AB : GB : : sin. AGB : sin. BA( 


ABG= 39 15 


0-698970 0-698970 


65 42 


9-801201 9-959711 


180 


10-500171 10-658681 


BAG=114 18 


9-648766 9-648766 




0-851405 1-009915 




GA=7-103 GB=10-23 


[5.] 


To find GC. 


AC : GC : : sin. AGO : sin. CAG 


AC=7 


0-845098 


AGC= 60° 39' 


9-924491 


BAG=114 18 


10-769589 


BAC= 57 7 


9-940338 



CAG= 57 11 



0-829251 
GC=6-75 



9. Sailing in a deep and unknown bay, I suddenly found 
the soundings decrease ; and suspecting I was on a coral reef, 
I hauled oflf, having anchored a boat on it, from which the 
following angles were taken between three remarkable objects, 
A, B, and G, that appeared on the distant shores, namely : 
between A and B, a high-pointed rock to the right of A, the 
angle was 116° 40' ; between B and G, a bluff summit >to the 
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right of B, the angle was 112° 30'. I obtained afterwards the 
distances between the three points A, B, and C, by measur- 
ing on the shore convenient base lines, and taking angles, as 
pointed out in Example, p. 89. The distance from A to B 
was 5*76 miles, from B to C 7*5 miles, and from A to C 8*25 
miles. It is required to find the position of the reef. 

(1.) By Constructi.on. 
Construct the triangle ABC from the scale of equal parts, 
by taking AB=5-75, BC=7-5, and 
AC=8-25. At the point C, in the 
straight line AC,makeACD=63^20', 
the supplement of the angle subtended 
by the other two points A and B. 
Again, at the point A, in the straight 
line AC, make CAD=67° SCy, the 
supplement of the angle subtended 
by the other two points B and C : 
produce the lines AD and CD to meet 
in the point D. About the triangle 
ADC describe a circle ; then the 
place of the reef will be somewhere in the circumference of 
this circle. To find it, join BD ; and the point of intersec- 
tion G is the position of the reef required. ' 
For since the angles in the same segment of a circle are 
equal (Eudid, b. iii.), therefore AGD=ACD=63° 20'; 
therefore the angle AGB=116° 40'. Again, CGD=5CAD= 
67° 30'; therefore the angle BGC=112° 30'. And these 
were the angles observed at the boat ; therefore G must be 
the place of the boat, or position of reef. 

(2.) By Trigonometry, 
Assume any point G as the position of the reef, and let 
A, B, and C be the objects on shore. Describe a circle pass- 
ing through the three points A, G, and C. Join BG, and 
produce it to meet the circle in D. Join GA and GrC. 
Then GA^ GB, and GC are the distances required^ Joiur AD 
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and CD. Then, by Geometry, since the angles in the same 
segment are equal, .'. angle DAC=DGC=180°— BGC= 
180^-112° 30'=67° 30', and angle AGD=AGD=180°- 
AGB=180°-116° 40'=63° 2(y. 

[1.] Find AD, having given in the triangle ADC, AC= 
8-25, angle ACD=63° 20', and angle ADC=180°-(67° 30' 
+ 63° 20') =49° 10'. 

[2.] Find the angle BAG, having given the three sides of 
the triangle ABC. 

[3.] Find the angle ABD, having given AB, AD, and the 
angle BAD( =B AC + CAD). 

{4.] Find GA, GB, and the angle BAG, having given in 
the triangle ABG the side AB and the angles AGB and ABG. 

[5.] Find GC, having given in the triangle AGC, the side 
AC, the angle AGC, and the angle CAG(=BAC— BAG). 

Calctdatixm, 

[1]. To find AD. 

AC : AD : : sin. ADC : sin. DCA 

AC=8-25 0-916454 

ADC=49° 10* 9-951159 



DCA=63 20 




10-867613 








9-878875 








0-988738 








.•.AD=9-744 


[2.] 


To find the angle 


BAG (p. 44). 


AB=s5-75 




8-25 


9-083646 


AC=8-25 




6-75 


9-240332 


BC=:7-5 




2-50 


0-698970 






7-5 


0-397940 






10-0 


9-420788 






60 


BAC= 61° 46' 15" 






6-0 


CAD= 67 30 



2-5 BAD=129 16 15 
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[3]. To find the angle ABD. 
AD + ABAD -AB::tan.i(ABD + ADB) itamK-^P-^^^) 



AD= 9-744 






0-601408 


AB= 5-750 






9-675890 


15-494 






10-277298 


3-994 






1-190164 


180° 0' 


0" 




9-087134 


BAD-129 16 


15 




6° 58' 


50 43 


45 




25 22 


25 21 


52 


.-. ABD 


=32 20 


[4.] To find GA, GB, and the angle BAG. 


AB=5-75 




AB : GA : : sin. 


AGB : sin. ABG 


AGB=116''40' 




AB : GB : : sin. 


AGB : sin. BAG 


ABG= 32 20 . 




0-759668 


0-759668 


149 




9-728227 


9-711839 


180 




10-487895 


10-471507 


BAG= 31 




9-951159 


9-951159 






0-636736 


0-520348 






. • . GA=3-44 


. •- GB=3-31 




[5.] To find GC. 




AC=8-25 




AC : GC : : sin. 


AGC : sin. CAG 


AGB=116"'40' 




BAC=61''46' 


0-916454 


BGC=112 30 




BAG=31 


9-708882 



229 10 .•.CAG=30 46 10-625336 

360 9-878875 

•.AGC=130 60 0-746461 

.•.GC=5-58 



Digitized by 



Google 



^QOBLBMS IN NAVIGATION. 

Application of Plane Trigonometry to Navigation. 

THB OOMPASS. 



97 




It is proved in Namgatian, Part IL^ that the course, 
distance, true difference of latitude, and departure hetween 
any two places on the surface of the earth, may be correctly 
represented by the sides and angles of a 
a right-angled plane triangle. Let us 
suppose A and B to be the two places, 
and AC that part of the meridian pass- 
ing through A that is intercepted be- 
tween A and a straight line BC drawn 
through B perpendicular to AG. Then 
(see Navigation, art 49) AC will re- 
present the true difference of latitude, 
AB the distance, and BC the departure 
between A and B, and the angle CAB 
the course from A to B. It is manifest, c"" 
that if in the triangle BAC any two of the above quantities 
are given, the other two may be found by the common rule for 
right-angled plane triangles. We will exemplify this by 
means of a few examples in sailing, and at the same time will t 
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show how to find the ship's place by means of construction, 
that is, by the use of mathematical instruments ; the practice 
thus obtained will be useful to the Naval student, and will 
form a proper introduction to the construction of charts and 
the tracing the ship's track thereon. 

But before we can construct the ship's track for different 
courses, the several points of the compass must be thoroughly 
known. An expeditious method of forming the compass, and 
of learning it, is given in Navigation, Part I. p. 11. 

10. A ship from latitude 47° 30' N. has saHed S.W.b.S. 
98 miles : find by construction, and by calculation, the lati- 
tude she is in, and the departure she has made. 

(1.) By Construction, 

Let A represent the point the ship departed from, AD the 
^ meridian, and Aj9, drawn at right 
angles to it, the parallel of lati- 
tude of the ship. At the point 
A, with the chord of 60°, de- 
scribe the quadrant mp, and cut 
^ off mc=S.W.b.S. or 33° 45'= 
the course ; and through c draw 
a line AB. From a scale of 
equal parts take AB=98 miles, 
*the distance; and through B 
draw BD parallel to Ap, meeting AD in D. Then B is the 
place the ship has arrived at, AD is the difference of latitude, 
and BD is the departure. If AD and BD are measured by 
the same scale of equal parts, it will be found that the differ- 
ence of latitude AD is about 81 miles, and the departure BD 
about 54 miles. The figure may be more easily laid off by 
means of a protractor (see any work on Practical Geometry). 

(2.) By Trigonometry, 

In the right-angled triangle ABD are given the course 
DAB=33° 45', and distance AB=98 miles ; to find the dif- 
ference of latitude AD, and departure BD. 
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AD 
By Eule, p. 57, -777=008. DAB 
Ai> 

BD 

By same Rule, -r=r=siiL DAB 
'' AB 



.-. AD=ABcos. DAB 



BD=AB sin. DAB 



Reducing these formulae to logarithms, we have : 
log. AD=log. AB+log. cos. DAB— 10 
log. BD =log. AB+log. sin. DAB - 10 
AB=98 DAB=33°45' 

log. AB .~ 1-991226 log. AB 1-991226 

„ COS. DAB... 9-919846 „ sin.DAB... 9-744739 



AD 1-911072 

-•. AD=81-5=: l°2r30"S. 

Lat.from ... 47 30 K 

Lat. in . 



BD 1-735965 

. • . BD=54-4 



46 8 30 K and dep. 54-4 W. 

(2.) A ship from latitude 34° 40' N. has saUed KE.b.N. 
196 miles : find platitude in, and departure (by Construction 
and by Logarithms). Am, lat. in 37'' 23' N. ; dep. 109'. 

When a ship has described more than one course during 
the day, and it is. required to show by a diagram the latitude she 
has arrived at, we may proceed as in the following example. 

11. A ship in latitude 47° 30' N. has sailed during the 
day N.N.W. 90 miles, and E.b.S. 60 miles : what latitude is 
she in, and what departure has she made ? 
(1). By Construction, 

Let A represent the place the ship left, and with any con- 
venient radius describe the circle 
NWSE to represent the horizon 
of the ship. Draw two diame- 
ters NS and WE, at right angles 
to each other. Let J^TS repre- 
sent the meridian, and WE the 
parallel of latitude the ship de- 
parted from. To mark off the 
several courses and distances 
during the day, we may proceed 
as follows. 

[1.] Divide one of the quad- 
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rants, WS, into eight equal parts to form a scale of points. This 
may he done hy hisecting "WS in a, and then Wa in 5, and 
Wb in c; the other points, d efg, may then be readily filled in. 

[2.] Mark off on the circumference the several courses, 
thus : take !N"i=N.!N".W., or two points from the scale in 
WS ; and E2=E.b.S., or one point from the east. 

[3]. Through A^ draw the straight line AB, and make 
AB=90 miles by a scale of equal parts ; and through B, par- 
allel to a line passing through A^, draw BC=:60 miles. The 
point C represents the place the ship has arrived at. Join 
AC, and through C draw CD parallel to WE, meeting AN 
produced in D. Then AD is the difference of latitude, and 
DC the departure made good during the day. Also the angle 
CAD and line AC represent the direct course and distance 
from A to C. 

If we measure AD by the scale of equal parts, we shall 
find the difference of latitude AD about 71 miles to the north, 
and the departure DC about 24 miles to the east of the place 
the ship left. The latitude arrived at is found thus : 

Lat. A 47^30'^. 

Diff. lat 1 11 K 

Lat. in 48 41 Kanddep. 24E. 

(2.) By Trigonometry, 

To calculate the difference of latitude and departure be- 
tween A and C, we must proceed as follows : 

Through B draw BF parallel to WE, meeting the meridian 
produced in F. Then in the right-angled triangle ABF are 
given the course BAF=2 points, and distance AB=90 miles, 
to calculate AF the diff. lat. and BF the departure. Again, 
through B draw BG parallel to the meridian NS ; and through 
C draw CG parallel to WE, meeting BG in G. Then in the 
triangle BGC are given the course GBC=7 points, and BC= 
60 miles, to calculate BG=FD the diff. lat. and GC the de- 
parture. By performing the calculation, we find that AF=5 
83*2 miles to the north, and BG=ir7 to the south; so that 
the diff lat.=83-2 N.-11-7 S.=71-5 miles. Similarly may 
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be found GC=58-8 to the east, and FB or DG=34-4 to the 
west ; so that the departiire=58-8 E.— 34-4 W.=24-4 E. 

This method of computing the diff. lat. and departure sepa- 
rately for every course is in practice avoided by making use 
of a table called the Traverse Table, which contains the difi. 
lat. and departure, calculated for any given course and dis- 
tance, so that these quantities may be found by inspection. 
The diE lat. and departure, when taken out of the table, are 
arranged under proper heads, in the following form : 



Points. 


Couraea.' 


Dist. 


Dili. lat. 


Dep. 


2 
7 * 


N.N.W. 
B.b.S. 


90 
60 


N. 
83-2 


S. 
11-7 


B. 
58-8 


W. 
344 


83-2 
11-7 


11-7 


68-8 
34-4 


34-4 


71-5 N 




24-4 E 





Lat. from 47^30' K 

DifF. lat 1 11-5 K=71-5'K 

Latin 48 41-5 K and dep. 24*4 E. 

(2.) A ship in latitude 32° 14' N. has sailed during the 
day S.S.W. 45 miles, and W.b.K 30 miles. Find latitude 
in, jind departure. Ans, lat. in 31° 38' N. ; dep. 46-6. 

12. A ship from latitude 50° 48' N. has sailed during the 
day on the following courses. Itequired the latitude in, and 
departure, and thence her direct course and distance from one 
place to the other. 

1. S.E 40 miles. 

2. KE. 28 „ 

3. S.W.b.W. ... 52 „ 

(1.) By Construction. 

Let A be the place sailed from, and KWSE the horizon 
of the ship. Draw the meridian KS, and parallel of latitude 
WE. 

Divide one of the quadrants into eight equal parts for a 
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.. 36 „ 


6. S.E.KE. .... 


.. 58 „ 
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scale of points, as in the last example, and by means of tMs 
scale mark off on the circumference the several courses, viz. 

Si=S.E., K2=KE., Ss= 
S.W.b.W., N4=N.W.b.W., 
S5=S.S.E., and S6=S.E.b.E. 
Through A draw AB=40 
by a scale of equal parts; 
through B^ and parallel to As, 
draw BC= 28 miles; through 
C, and parallel to Ag, draw 
CD =52 miles; through D, 
and parallel to A4, draw DF 
=30 miles ; through F, and 
parallel to A5, d?aw FG=36 
miles; and lastly, through 
G, and parallel to A^, draw 
GH=58 miles. The pomt 
H is.-tha .place the ship has 
arrived at. Join AH, and through H draw HK parallel to 
WE and meeting the meridian NS produced in K. Then AK 
is the difference of latitude^ and KH the departure made good 
during the day. Also the angle KAH represents the direct 
course, and the line AH the direct distance from A to H. 

If we measure AK by the.spal^ of equal parts, we shall 
find the difference of latitude AK about 86 miles to the south, 
and the departure KH about 42 miles, to tb.e east of the place 
the ship left. The latitude arrived at is found thus : 

Lat. A 50°48'K . . 

Diff.lat 1 26 S. 

Latin 49 22 N. and dep. 42' E. 

(2.) By Trigonometry, 
The diff. kt. and departure for each course and distance 
may be computed as in Example p. 99. But to avoid this 
tedious operation, the several quantities may be taken out of 
the Traverse Table by inspection, as follows : 
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Points. 


Ck>nr8e8. 


Dist 


Difl.lat, 


Dep. 








N. 


S. 


E. 


W. 


4 


S.B. 


40 


— 


28-3 


28-3 


— 


4 


N.B. 


28 


19-8 


— 


19-8 


— 


6 


S.W.b.W. 


62 





28-9 


— 


43-2 


5 


N.W.b.W. 


30 


16-7 


— 


— 


24-9 


2 


S.S.B. 


36 


— 


333 


13-8 


— 


5 


S.E.b.E. 


'68 


— 


32-2 


482 


— 


36-6 


122-7 


1101 


68-1 










86-6 


68-1 




Diff. lat.=86-2 


420=dep. 



Lat. from 50° 48' 0" K 

Diff.lat 1 26 12 S.=86-2 S. 

Latin 49 21 48 K and dep. 42' E. 

To calculate the direct course firom A to H, or the angle 
KAH, and the direct distance AH, we have in the plane 
right-angled triangle AKH, AK = 86-2, and KH = 42; to 
find the course KAH, and distance AH. 

[1.] To find the course KAH. 

XT XT 

tan. KAH==^ 
AK 

. • . log. tan. KAH-10=log. KH-log. AK 

or log. tan. KAH=10+log. KH— log. AK 

KH=42 log. KH+10.. 11 623249 

AK=86-2 „ AK 1 '935507 

„ tan. KAH 9687742 

. • . the course, or KAH=S.25° 58' 30^ 

(See Practical Eule in Navigation, Part I. p. 44). 

' [2.] To find the distance AH. 

AH 

^=sec. KAH, or AH=AK sec. KAH 

AK 

. • . log. AH=log. AK+log. sec. KAH^IO 

Digitized by VjOOQlC 



104 PROBLEMS IN NAVIGATION. 

log.AK 1-935607 

„ sec. KAH-10 ... 0-046247 
„ AH 1-981754 

. • . distance, or AH=95'8 miles. 

(2.) A ship from latitude 50° 48' S. has sailed during the 
day on the following courses : 

1. N.W 20 miles. 4. S.Kb.E 15 miles. 

2. S.W. 14 „ 5. KN,W 18 „ 

3. N.E.b.E. ... 26 „ 6. KW.b.W. . 29 „ 
Eequired latitude in, and departure; and the direct course 
and distance from one place to the other. 

Am, Latitude in 50° 5'S. ; departure 20-9 miles; course, 
N. 25° 55' W. ; dist. 47-8 miles. 

The two following examples, taken out of that valuable 
old work, Eobertson's Elenrnda of Navigation^ are given for 
practice in construction, and for the singularity of the form 
of the diagrams resulting from the several courses and dis- 
tances. 

13. A ship sails from a place in latitude 40° K on the 
following courses. Required the latitude arrived at (by Con- 
struction). 

Course. Couree. 

1. ... S.E.b.S 29' 13. ... West 62' 

2. ... N.KE 10 14. ... North... 10 

3. ... KS.E 50 15 West 8 

4. ... E.KE. 50 16. ... South 10 

5. ... S.S.E 10 17. ... West 6^ 

6. ... N.E.b.N 29 18. ... South 7 

7. ... West 25 19. ... E.fS 62 

8. ... S.S.E 10 20. ... South...; 110 

9. ... W.S.W.^W.. 42 21. ... W.N.W.^W. 42 

10. ... North 110 22. ... IST.N^R 10 

11. ... E.|N 62 23. ... West 25 

12. ... North 7 

Ana, The ship returns to the place sailed from. 
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14. Two ships, A and B, parfc company in lat. 31° 31'N., 
and meet together again at the end of t;«ro days, having run 
as follows : 

The ship A, The ship B. 



Couree. 






Ooarse. 






1. .. 


. N.KE. ... 


.. 96' 


1. .. 


. N.N.W. ... 


... 96' 


2. .. 


. W.&W. .. 


.. 96 


2. .. 


. E.S.E 


... 96 


3. .. 


. E.S.E 


.. 96 


a .. 


. W.S.W. ... 


... 96 


4. .. 


, N.N.W. .. 


.. 96 


' 4. .. 


N.N.E 


... 96 



Required the latitude arrived at, and the direct course and 
distance of each ship (by Construction). 

A718. Direct course due north, and distance 104 miles. 
Lat. in, 33° 15'N. 
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PKOBLEMS IN SURVEYING, ASTRONOMY, AND 
- NAVIGATION. 

The following problems are given as Exercises in the pre- 
ceding rules of Plane and Spherical Trigonometry. They are 
also designed to form an Introduction to Navigation and 
Marine Surveying. 

[1]. (Fig. 17.)* On the opposite bank of a river to that 
on which I stood, is a tower known to be 216 feet high; with 
a pocket sextant I ascertained the angle between a horizontal 
line drawn from my eye (supposed to be 5 feet above the 
ground) and its top to be 47° 66' : required the distance 
across the river, from the place where I stood to the bottom 
of the tower. Ans. 190*4 feet. 

[2]. (Fig. 53.) BDC is a straight line to which AD is 
perpendicular; AD is 100 feet high, and subtends an angle 
at B=36° 48', and at C an angle=64° 30' : find the length 
of the line EC. Am. 205 feet. 

[3]. (Fig. 17.) A field is in the form of a right-angled 
triangle, whose base is 200 feet, and the angle at the base is 
67° ; how long will a man be walking round it at the rate of 
4 miles an hour? Ans. 3 min. 21*6 sec. 

[4]. (Fig. 53.) C and B are two places 100 feet apart, 
and A is a, point equally distant from C and B ; what must 
be the distance of the point A from C or B that the angle 
BAG may be 150°? Ans. 51*77 feet. 

[5]. (Fig. 18.) A Maypole being broken off by the 
wind, its top struck the ground at 15 feet distance from the 
foot of the pole ; required the height of the whole Maypole, 
supposing the length of the broken piece to be 39 feet. 

Ans, 75 feet. 

* The figares or diagrams for the following problems are not 
<lrawn accurately to scale : they are given merely to indicate the form, 
without any regard to the value, of the aides and angles in the pro- 
blems to which they refer. 
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[6]. (Fig. 19.) A ladder 36 feet long may be bo placed 
that it shall leach a window 30*7 feet from the ground on 
one side of the street; and by only turning it over, without 
moving the foot out of its place, it will reach another window 
18*9 feet high on the other side. What is the breadth of the 
street, and the angle of elevation of the first window from 
the second 1 Ans. Breadth of street 49-44 feet. 

Angle of elevation 13° 26'.. 

[7]. (Fig. 17.) From the bottom of a tower, a distance 
AB=50 yards is measured on a horizontal plane, and at A, 
the angle BAG is found=25° \1' ) required the height of 
the tower BC. Ans. 236 yards. 

2c?, WhenAB=12iandBAC=45°. „ 12i „ 

[8]. (Fig. 20.) To determine the distance of a ship at 
anchor at C, I measured a straight line AB = 1000 yards 
on the shore, and observed the angles CAB = 32° 10' and 
CBA=83° 18' ; required the distance of the ship from A, 

Ana. llOO'l yards. 

2d, When AB=2-6 mHes, CAB=80°, CBA=50°. 

Ans. 2*5 miles. 

[9], (Fig. 20.) Two ships sailing in company, in order 
to determine nearly their distance irom an object, C, on the 
shore, are separated from each other two nautical miles, AB ; 
the angle is then observed from each ship between the object 
and the other ship ; at A the angle is 85° 10', at B it is 
82° 45' ; required^ the distance of each ship from the object. 

Ans. 9-478, and 9-52 miles. 

[10]. The base of an isosceles triangle is 120 feet, and 
the vertical angle 47° ; find the sides. 

Ans. Each side 150*5 feet 

[11]. (Fig. 17.) The two sides, AB and BC, of the right- 
angled triangle ABC are 18 and 24 ; find the length of the 
perpendicular drawn from the right angle upon the hypo- 
then use. Ans. 14*4. 

[12]. (Fig. 21.) To determine the height, AB, of a tower 
inaccessible at the base, two stations, C and D, are chosen in 
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a horizontal plane, so that a plane passing through the three 
points, A, C, and D, is perpendicular to the horizon; the dis- 
tance CD=100 yards, and the angle ACB=46° 16', and 
BDA=31° 20'; required the height AB. Ana. U5-9 yards. 

2d, When CD=300 yards, ACB=68°, and BDA=32° 

Ans. 307*4 yards. 

[13]. (Fig. 21.) From the decks of two ships at D and C, 
880 yards asunder, the angle of elevation of a cloud at A on 
the same point of the compass from each is observed ; at D 
the angle is 35^, at C it is 64^ ; required the height of the^ 
cloud above the surface of the sea, the 'deck of each ship being 
supposed to be elevated above it 21 feet. Ans. 942-6 yards. 

[14]. A tower subtended 39® to an observer stationed 
200 feet from the base : find the height, and also the angle 
it will subtend to an observer at 350 feet from the base. 

Ans. Height, 162 feet; angle, 24^50". 

[15]. (Fig. 20.) To determine nearly the distance be- 
tween two ships at sea, I carefully observed the interval t)f 
time between the flash and report of a gun from, each, and 
measured the angle which the two ships subtended. The in- 
tervals were 4 seconds and 6 seconds, and the angle observed 
=48° 42'; required the distance of the ships from each other 
(the velocity of sound being supposed to be 1142 feet in a 
second). Ans. Distance 5147-9 feet. 

2dy When the intervals are 10 seconds and 5 seconds, and 
observed angle 60°. Ans. Dist. 9889-8 feet. 

[16]. (Fig. 21'.) From B, the top of a ship's mast, which 
was 80 feet above the water, the angle of depression* of an- 
other ship*s hull at C upon the water was 20° ; required the 
distance of the ships. Ans.. 219 'S feet. 

* The angle between a horizontal line pmsfimg through the eje of 
the observer and a line drawn to the object is called the aauj^le of ele- 
ration when the object is above the horizontal line, and the angle of 
depresHon when the object is below it ; thus in fig. 21', BCA is the 
angle of elevation of B above the horizontal line AC, and DEC is the 
angle of depression of below the horizontal line BD. 
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f 

2df If the ma8t=143 feet, and the angle of depression 

=35°. Ans. 204-2 feet. 

[17]. There are two moniunents whose heights are 100 

feet and 50 feet respectively : t observed, with a sextant, that 

the line joining their tops when produced made with the ho- 

i rizontal plane an angle=37°; required their distance apart. 

Avis. 66*4 feet. 

[18]. (Fig. 23.) Wishing to determine the height of an 
ohelisk standing on the top of a declivity, I measured horn 
its base a distance of 40 feet, and then observed the angle 
formed by this line and a line drawn to the top to be=41°. 
Going on in the same direction 60 feet farther, the angle 
formed by the declivity with a line drawn to the top was 
=23° 45'. Bequired the height of the obelisk. 

Ans. Height, 57*62 feet. 

[19]. (Fig. 24.) To determine the distance between two 
inaccessible objects, G and D, as two ships at anchor, a base, 
AB, on the same plane as the objects was measured and 
found to be 670 yards; the following angles were also ob- 
served at the extremities of the base : at A, BAt)=40° 16', 
BAG=97° 56' ; at B, ABC=42° 22', and ABD=113° 29'; 
required CD. Ans. CD=1 1744 yards. 

[20]. (Fig. 24.) To determine nearly the distance of two 
redoubts, G and D, by which the entrance into a harbour is 
defended, a boat is placed at A with its head towards a dis- 
tant object seen at £, and the angles GAD=22° 17', and 
DAE=48° 1' were observed. The boat is then moved to B, 
a distance of 1000 yards, directly towards £, and the angles 
CBD=53° 15', and DBE=75° 43' are observed; required 
the distance CD. Ans, Distance, 1290 yards. 

[21]. A right-angled triangle rests on its hypothenuse, 
the length of which is 100 feet ; one of the angles is 36° 40', 
and the inclination of the triangle to the horizon is 60°; find 
the height of the right angle above the ground. 

Ans. 41-48 feet. 
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[22]. (Fig. 25.) To detennine the height of an object, 
EB, on the top of an inaccessible hill, I took the angle of 
elevation, ACE, of the top of the hill=40°, and also that of 
the top of the object ACB=51°. Going then 100 yards in 
a direct line from the object and upon a horizontal plane, I 
found the angle of elevation of the top of the object ADB 
=33° 45'; required the height of the object. 

Am, Height, 46-07 yards. 

[23]. (Fig. 26.) Wanting to know the distance between 
two objects, A and B, which could only be seen from a parti- 
cular place, D, I set up two staffs, at C and E, and took the 
angles' ADC=89°, ADB=72 30', and BDE=54° 30'. I 
then measured DE and DC, each=: 200 yards, and took the 
angles BED =88° 30' and DCA=50° 30' ; required the dis- 
tance AB. Ana, 345*5 yards. 

[2 1]. (Fig. 27.) To determine my distance from an in- 
accessible object at O, without observing any angles^ I mea- 
sured a straight line AB=500 yards, from each extremity of 
which I could see 0. I then measured from A and B, in a 
direct line from 0, AC and BD, each=100 yards; finally, I 
nieasured the diagonals AD and BC, the former was=550 
yards, the latter=560 yards; required the distance of the 
object from A and B. Ans. AO=536-2, BO=500-47 yds. 

[25]. (Fig. 28.) Wanting to know the distance, AC, of 
a hiU from the station. A, and also its height, OC, I measured 
a base, AB=298 yards, on ground nearly level, and at A and 
B observed with a sextant the angles BAO=42° 17' and 
ABO=79° 29'; and at A, the angle of elevation 0AC=4° 51'; 
required the distance AC and OC. 

Ana. AC=343-4, OC=2914. 

[26]. (Fig. 29.) Find how much the point B is elevated 
above a point H, from the following data : having observed 
the angle of elevation BAH=4° 38', and measured AC=193 
yards to a point C, at C the angle ACB=76° 32', and at A 
the angle BAC=45° 4'. Ana. BH=17-8 yards. 
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[27]. (Fig. 29.) The angle of elevation of a tower 100 
feet liigh, due north of an observer, was 50° ; what will be 
its angle of elevation after walking due east 300 feet ? 

Ans. 17° 47' 45". 

[28]. (Fig. 30.) The elevation of a balloon was observed 
to be 20° bearing KE., and by another observer 4000 yards 
due south of the former it was N.b.E. ; required its height. 

Ans. 611*3 yards. 

[29]. (Fig. 31.) From a window which seemed to be on 
a level with the bottom of a steeple, I observed the angle ACB 
of elevation of the top of the steeple =40° ; from another 
window of the same house, 18 feet directly, above the former, 
the angle EDB of elevation was=37° 30'; required the 
height and distance of the steeple. 

Ans. Height, 210*4; distance, 250*8 feet. 

[30]. (Fig. 32.) At B, the top of a castle which stood on 
a hill near the sea-shore, the angle of depression, HBS, of a 
ship at anchor was 4° 52', and at E, the bottom of the castle, 
its depression, NES, was 4° 2'; required the height of the top 
of the building above the level of the sea, supposing the castle 
itself to be 54 feet high; required also the horizontal distance 
of the vessel. Ans. Height, 314-2; distance, 36903 feet. 

[31]. (Fig. 33.) Wishing to know the breadth of a river, 
I measured a base of 500 yards in a straight line close to one 
side of it, and at each extremity of the base I observed the 
angles subtended by the other end and a tree standing on the 
opposite bank to be 53° and 79° 12'; required the breadth of 
the river. Ans. Breadth, 529 '5 yards. 

2d. If ba8e=108-3 and angles 43° 12' and 60° 35'. 

Ans, Breadtlji, 66-49. 
[32]. (Fig. 34.) A base of 340 feet was measured on a 
sloping side of a hill, in a vertical plane passing through its 
summit. It made an angle of 10° 5' with the horizontal 
plane ; at the higher end of the base, the elevation of the hill 
was 46"^ 15', and at the other end it was 40° 10'. The height 
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of ihe eye at each observation was 5 feet : find the height of 
the hill above the lower end of the base. Ans, 1226 ft. 

[33]. (Fig, 35). The distance between two stations B and 
C on a declivity is 220 yards. At B, the horizontal angle 
Cba, between C and an object A on the top of a hill, was 
found by a theodolite to be 70° 15', and at C, the horizontal 
angle bCa, between B and A, was 62° 33' ; the vertical angles 
ACa=32° 12* and BC6=8° 32' ; find the horizontal distances 
of the object A from C and B, namely Ca, and ba, and also 
the heights Aa and AD of the object above C and B. 

Ans. Hor. dist of A from C= Ca3=279-1 yards. 
„ „ B=-. fta=263-l „ 

perp. height of A above C= Aa=175-7 „ 
„ B=AD=U3-1 „ 

[34.] (Fig. 35). Suppose, as in the last problem, that 
the direct distance between the stations B and C is 220 yards, 
also that at C the angle BCJ (the elevation of B)=8° 32' 
and ACa (the elevation of A) =32° 12'; but suppose now 
that a sextant is used in measuring the oblique angles, and 
that ABC=77° 8' and ACB=62° 18'. Find, as before, the 
horizontal distances between A and the stations B, C, and the 
heights of A above B and C. Ans, See last problem. 

[35]. (Fig. 36.) Wanting to know the distance of two 
objects, A and B, from each other, and from another object, 
D, all in the same plane, on BA, produced on the side of A, 
a point C was taken, and CD being measured was found to 
be 549*4 yards, and the angle C==57°. At D the angle 
CDA was observed to be 14°, and the angle BDA=41° 30'; 
required the distance of A, B, and D from each other. 

Ans, AB=349-52, AD=487-27, and BD=498-7 yards. 

[36]. (Fig. 37.) Wishing to find the distance of a bat- 
tery at B from a fort at F, which cannot be seen from the 
battery in consequence of the ground between B and F being 
covered with wood, &c., I measured distances, BA and AC, 
to points A and C, where both the fort and battery were 
visible, the former being 2000 yards and the latter 3000; 

Digitized by LjOOQ IC 



FBOBLEMS IN SUBVETING. 113 

and observed the angles BAF=34° 10', FAC=74° 42^, and 
FCA=80° 10'. From these data it is required to find the 
distance of the fort from the battery. Ans, 5422 yards. 

[37]. (Fig. 38.) Coming from sea, at the point D, I ob- 
served two headlands A and B, and inland at C a steeple 
which appeared between the headlands : I found &om a map 
that the headlands were 5*35 miles &om each other ; that the 
distance from A to the steeple was 2*8 miles, and from B to 
the steeple 3*47 miles. I observed Tfith a sextant the angle 
ADC3=12° 15' and BDC=15° 30'; required my distance 
from each of the three objects. (See Example, p. 91.) 

Am. AD=ll-26, CD=12-46, BD=ll-03 mUes. 
[38]. (Fig. 39.) Bequired the distance of the three ob- 
jects A, B, and C from the point D, situated within the tri- 
angle, from the foUowing data : AB=267, AC=346, BC=: 
209, angles ADC=128° 40', and ADB=91° 20'. (See Ex- 
ample, p. 93.) Am. AJ)=249, BD=91, CD=131. 
The following twelve problems require a knowledge of the 
compass (p. 97). 

[39]. (Fig. 40.) A headland C bore due north of a ship 
at A ; after sailing 10 miles due east to B, the headland bore 
N. W. ; required the distance of the headland at each observa- 
tion. Am. 10 and 14*14 miles. 
[40], (Fig. 41!) A fort A bore from a ship C due north, 
by compass, and after sailing N.K by compass 14| miles to B, 
the fort bore K.W. ; find the distance of the fort at both ob- 
servations. Ans, 20*5 and 14*5 miles. 
[41]. (Fig, 42.) A boat is placed at A due west of a ship 
at B; after sailing 1^. W. 10 miles to C, the boat bears S.S. W. ; 
required the distance of the boat from the ship at the first 
observation. Ans. 10 miles. 
[42]. (Fig. 43.) Sailing along a coast, a headland C was 
observed to bear N.E,b.N. ; having run E.b.N. 15 miles to B, 
the headland bore W.JS'.W. ; find the distance from the head- 
land at each observation. Am. 8*496, 10*81 miles. 
[43]. A and B are two points lying north and south 50 
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yards apart ; what must be the distance of a third point C 
ftom each, that it may bear N.b.W. from B, and W.b.S. from 
A? Am, 9-75 and 4904 yards. 

[44]. (Fig. 44.) A cape C was observed to bear jfrom ns 
N.W., and another headland H to bear N.N.E.JE. ; standing 
away E.N.E.^E. 23 miles to B, we found the first bore from 
us W.N.W., and the second N.b.W.^W. ; required the dis- 
tance and bearing of the cape from the headland. 

Am, S. S^W., 42-33 miles. 

[45]. A ship sailing N.W., two islands appeared insight, 
one bearing W.N.W., the other K from the ship, and when 
the ship had sailed six miles farther, the first bore W.b.S., 
and the other 'N.'K ; required their bearing and distance from 
each other. Am. S. 68° 40' W., distance 9-71 miles. 

[46]. From two stations on the deck of a ship 100 feet 
apart, the bearings of an object on shore were N.E. and N.N.E., 
and the ship's head was I^.b.W.; find the distances of the 
object from each station. A718, 145*2 and 217*3 feet. 

[47]. (Fig. 45.) A church C bears from a battery B, 
E.N.E. 960 yards ; how must the church bear from a ship at 
sea, supposing her to run in until the battery is north 2000 
yards? Am, N. 20° 32'E. 

[48]. (Fig. 46.) A cape C bears from a headland H, 
W.^S. 4*23 miles; how must the cape bear from a ship which 
runs in towards the headland on a !Nr.b.W.iW. course, until 
the headland is 2*3 miles distant from the ship ? 

Am, W.N.W. 

[49]. (Fig. 47.) A ship S was 2640 yards due south of 
a lighthouse AB, and after sailing N.W.b.N. 800 j^ards taJD, 
its angle of elevation BDA was 5° 25'; required its height. 

Am, 192 yards. 

[50]. (Fig. 48.) The bearii^s of two objects A and B in 
the same latitude from a ship at C are N.KE. and N.Kb.E., 
and the distance from A is 10 miles ; required the distance 
from B. Am. 16*63 miles. 

[51]. (Fig. 49.) Find the angle which the lirie of metal 
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makes with the axis produce^ in a piece whose dimensions 
are as follows : diameter of breach=12'44 inches ; of muzzle 
=9-84 inches; length of gun=77i inches. . Ans. 0° 57' 51". 

Calculations of a front of Fortification, 

[52]. (Fig. 50.) Let AB be the exterior side of a regolar 
pentagon, and suppose the side to be 350 yards, the perpen- 
dicular DE 50 yards, the fiice AH of the bastion 100 yards, 
and the line of defence AG equal to AK. As the length and 
position of the other lines depend on these values, it is re- 
quired to find the magnitude and position of the following 
parts: 

1. Angle of the tenaiUe AEB. Ans. 148° 6' 30". 

2. line of defence AK or AG. „ 25533 yards. 

3. Flanked angle HAH, „ 76° 6' 30^; 

4. Curtain FG. „ 141-02 yards. 

5. Angle of the shoulder AHF. „ 117° 0'. 

6. Length of flank FH „ 43*5 yards. 

7. Flanked angle GFH. „ 101° 3'. 



The following problems are given as exercises in analyti- 
cal trigonometry and algebra. 

[53a]. What angle will a tower subtend at a place whose 
distance is equal to six times its height? and where must an 
observer station himself that the angle of elevation may be 
double of the former? Ans. 9° 28' ; 2*9 times the height. 

[54a]. (Fig. 51.) A majrpole was broken by the wind, 
and its top struck the ground 20 feet from its base ; and being 
again fixed was broken a second time 5 feet lower, and its top 
extended 10 feet fsirther; required its height Ans. 50 ft. 

[55a]. (Fig. 52.) The summit A of a hill bore due east 
of a spectator at B, and £.!Nr.£. of a spectator at a point C 
due south of B ; the elevation of the point A at B was 20° ; 
required its elevation at C. Ans. 18** 36'. 

[56]. (Fig. 53.) If the base of an oblique-angled triangle 
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be 40, and the other two sides 20 and 30, what is the length 
of the perpendicular fix)m the vertical angle? Ans, 14*523. 

[57]. (Fig. 54.) The elevation of a spire DC at one sta- 
tion A was 23° 50' 15", and the horizontal angle at this sta- 
tion, between the spire and another station B, was 93° 4' 20"; 
the horizontal angle at B was 54° 28' 30", and the distance 
AB between the two stations was 416 feet ; required the 
height of the spire. Am, 278*7 feet. 

[58a]. (Fig. 52.) An observer finds the angle of eleva- 
tion of a tower at a point B to be 23° 18' ; after walking from 
B 300 feet in a direction at right angles to the line joining B 
with the foot of the tower, the angle of elevation was 21* 16'; 
required the height of the tower, and its distance from B. 

An8. Height, 272*7 feet ; distance, 633-4. 

[59.] A pole is inclined at an angle of 80° to the horizon- 
tal plane, and when standii^ 100 feet from it in the direction 
in which it is inclined, the angle of election of the top is 
54°; required its length/ Am. 112*5 feet. 

[60a]. (Fig. 55.)/'l3nthe bank of a river stands a column 
200 feet high, on wiiich is a statue 50 feet high, and to ah 
observer on the opposite bank the statue subtended an equal 
angle with a man 6 feet high standing at the base of the 
column ; required the width of the river. Am, 82*5 feet. 

[61a]. (Fig. 24.) The distance between two objects, C 
and D, is known to be 6594 yards ; on one side of the line 
CD there are two stations, A and B, at which angles are taken. 
The angle CAD=85° 46', DAB=23° 56', CBD=68° 2', and 
CBA=:31° 48'. From these observations it is required to 
find the distance between the stations A and B. 

Am, AB=4694 yards. 

[62a]. (Fig. 56.) A flag-staff, 12 feet high, on the top of 
a tower, subtended an angle of 48' 20" to an observer at the 
distance of 100 yards from the foot of the tower; required 
the height of the tower. Am. 401*4 feet. 
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[63]. Find the aiea of a triangle whose base is 40 feet, 
and perpendicular 30 feet. An». 66§ square yards. 

[64a]. If from a right-angled triangle whose base is 12 
and perpendicular 16 feet, a line be drawn parallel to the per- 
pendicular, cutting off a triangle whose area is 24 feet, re- 
quired the sides of the triangle. Aiis. 6, 8, 10 feet. 

[65a]. Eequired the side of an equilateral triangle, the 
area of which is 180 square yards. Ans, 20*389 yards. 

[66a]. Given the base of a triangle equal to 476*25 yards^ 
and the angles at the base 27° 10' 15" and 36° 10' 15'' j to 
find the area. Ans. 33680. 

[67a]. The area of a triangle is 6, and two of its sides are 
3 and 5 ; find the third side. Ana, 4 or ^52. 

[68a]. (Fig. 57.) The straight line EFis drawn parallel 
to the base of the triangle ABC, whose altitude is 10 feet; 
find the distance of EF from the base BC, so that it may di- 
vide the triangle into two equal parts. 

Ans, Distance from base, 2*929 feet. • 

[69a]. When a parish was enclosed, the allotment of one 
of the proprietors consisted of two pieces of ground, one of 
which was in the form of a right-angled triangle ; the other 
was a rectangle, one of the sides of which was equal to the 
hypothenuse of the triangle, the other to half the greater side: 
but wishing to have his land in one piece, he exchanged his 
allotments for a square piece of ground of equal area, one side 
of which equalled the greater of the sides of the triangle which 
contained the right angle. By the exchange, he found he had 
saved 55 yards ot paling. Required the area of the triangle 
and rectangle. Ans, Triangle, 181*5; rectangle, 302*5. 

[70a]. The area of a right-angled triangle whose sides are 
in arithmetical progression=:216 ; determine the sides. 

Ana. 18, 24, 30. 

[71a]. What is the side of that equilateral triangle whose 
area cost as much paving, |tt Sd. per foot, as tha palisading 
the three sides did at 7«. a foot? Ans. 72*74 feet. i 
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[72a]. Giyen a side, a, of a regular polygon of n sides, to 
find a fonnula for computing the area. 

»a« 180° 

Ans. Area=-7-cot. . 

4 n 

EXAMPLES. 

1. An eight-sided polygon, or octagon, whose side=16 
yards. Ans, Area=1236'l. 

2. A ten-sided polygon, or decagon, whose side =20 J 
yards. Ans, Area=3233*5. 

[73a]. Given the area A of a regular polygon of n sides, 
to find a side a. 



/4A, 180° 

Ans. a=^/ tan. . 

\ n n 



EXAMPLES. 

1. The area of a regular octagon is 1236*1 square yards ; 
find a side. Ans. Side 16 yards. 

2. The area of a decagon is 3233*5 square yards ; find a 
side. Ans. Side 20*5 yards. 

[74a]. (Fig. 58.) To make a regular polygon of n sides 

AB 
equal to a given triangle ABC. Take AD= — ; draw AG, 

360° 

making angle CAG= ; draw DE parallel to AC; and 

n 

take AF=a mean proportional to AC and AE ; the^ AF is 

the radius of a circle that will contain the required polygon : 

required a proof. 

[75]. A ship sailing on a S.S. W. course, bore from me 
due south, and the angle subtended by the head and stern 
was 20' 15", and her length was known to be 160 feet; re- 
quired her distance. Ans. 1 '94 miles. 

[76a]. A ship sailed S.rfJ°W., and met another ship which 
had sailed K.(a!r+10°)W. firom the same meridian; the dis- 
tances sailed were as 3 : 2, and their distance from the me- 
ridian left was 100 miles; required the difference of latitude. 

Ans. ^9-8 miles. 
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[77a]. How feur may the surfece of the sea be seen by a 
man standing 6 feet above it, the radius of the earth being 
4000 miles? Ana, 5307yaid8. 

[78a]. From the top of a mountain 3 miles high, the true 
depression of the horizon was found to be 2° 13' 27"; required 
the diameter of the earth, supposing it to be a sphere. 

Ans. 7952 miles. 

[79a]. If at the top of a mountain the true depression of 
the horizon of the sea is found to be 1° 31'; what is the height 
of the mountain, supposing the earth to be a sphere whose 
diameter is 8000 miles 1 Ans. 1*402 miles. 

[80a]. From a station on the side of a river whose banks 
are parallel, and width 560 yards, the angle formed by two 
objects on the opposite bank was 35° 10', and their distance 
from each other 400 yards ; required their distance from the 
station. Ans, 560*1 and 694*3 yards. 

[81a]. Walking along a road, I observed the elevation of 
a tower, AB, to be 20°, and the angular distance of its top 
from an object in the road to be 30°, the nearest distance of 
the tower from the road was 200 feet ; required its height. 

Ans. 187-5 feet 

[82a]. One angle of a triangle is 129° 34', and the two 
sides about that angle are to each other in the proportion of 
4 to 7 ; required the other two angles. 

Ans. 32° 32' and 17° 54'. 

[83a]. The three sides of a plane triangle =6, and the 
angles are to each other as 1, 2, 3 ; find the sides. 

Ans. 1*268, 2*536, 2*196. 

[84a]. The perimeter of a triangle is equal to 100 yards, 
and the angles are to each other in the proportion of 1, 2, and 
4 ; it is required to find the sides of the triangle. 

Ans. 19*8, 35*69, 44*51 yards. 

[85a]. The perimeter of a right-angled triangle =24 yards, 
and one of the angles=30° ; find the sides. 



Ans. 5*072, 8*784, 10144 
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[86a]. In a plane triangle ABC, given A^sSQP, and a= 
400 ; required the other sides, their sum being 600. 

Ans, 369-25, 230-75. 

[87a]. In a plane triangle ABC, given A=60°, c=400, 
and the sum of the other two sides, a and b, =600 ; required 
the sides a and b. Ans, 250 and 350. 

[88a]. The perimeter of a right-angled triangle is 24 feet, 
^ and its base is 8 feet ; find the other sides. 

Am. 6 and 10 feet. 

[89a]. At 80 feet distance from a steeple, the angle made 
by a line drawn from its top to the place was double that 
made by a line drawn from the top to a point 250 feet from 
the steeple on the same level ; required the height of the 
steeple. Am, 150 feet. 

[90a]. Given the base a, the vertical angle A, and the 
sum of the other two sides of the plane triangle ABC=& ; to 
find the sides x and y. 

Ans. X + y = &, and a^=^ (J + a). (6 ~ a) sec. ^-r 

from which equations x and y may be found. 

[91a]. Given the base a, the vertical angle A, and the 

difference of the sides of a plane triangle=6Z, to find the sides 

X and y, 

Ans, x-y^=dj and xy=^^{a+d).{a—d) cosec.^— 

[92a]. Given the base a, the difference of the angles x 
and y at the base=r?, and the sum of the two other sides of 
the plane triangle =&, to solve the triangle. 

Ans, Cos. •^(a;+y)=rC0s.^, which determines the sum 

of the unknown angles, and thence, with their differ- 
ence already known, the angles x and y. 
[93a]. Given the base a, the difference of the angles x 

and y at the base=D, and the difference of the sides of a 

plane triangle=c^, to solve the triangle. 

Ans. SiiL J(ic+y)=-3sin.JD, anda;— y is abea^y known. 
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[94a]. Given the base of a triangle &, and one of the 
an^es at the base A,<and the difference of the other sides » (2, 
to solve the triangle. ^ . 

Ans, Tan. iC=T— rtan.JA, from which the angle C is 

found, and thence the other parts of the triangle. 
[95a]. Given the base of a plane triangle b, one of the 
angles at the base .A, and the sum of the other sidesaaw, to 
solve the triangle. 

Ans. Tan. iC^^^cot.* A. 
2 m+b * 

[96a]. Given the angles and the p^dmeter of a plane 

triangle, to find the sides. 

EXAMPLE. 

Perimeter=100 yards, A=102°5r 30", B=25^ 42' 45", and 
C=51° 25' 45". Ans. a=44-51, 6=19-8, c=35-69 yards. 
[97a]. Qiven the distances between three stations in a 
straight line with an object standing upon a horizontal plane ; 
and the angles at the points E, D, C,=6, 90—^, and 20 in 
order, 6 being unknown, to find its height. 

EXAMPLE. 

Let ED=20, and DC=20. Ansi 38-73. 

[98a]. Investigate analytical expressions for calculating 
the distance of a station from each of three points, having 
given the distances of the points from each other, and the 
angles which they subtend at the station. For numerical 
examples, see Probb. 37, 38. 

[99a]. If in the three edges which meet at one angle of a 
cube, three points A, B, C, be taken at distances a, b, c, from 
the angle respectively, the area of the triangle ABC, formed by 
joining the three points with each other, = J >/ a^^ -\- c?(fi -f- ^(^' 

[100a]. On the* sides of an equilateral triangle three 
squares are described. Show that the area of the triangle 
formed by joining the centres of these squares=sarea equila- 
teialtriangle x(l + i^3). o.^ze. ., GoOgk 
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[101a]. A fleet of steam-vessels, under the command of 
an admiral, is steaming due east, 6 miles an hour ; a part of the 
fleet under a vice-admiral bears from the admiral K.N.E. 6 
miles, and a look-out steamer is S.E.b.S. 10 miles. The ad- 
miral, suspecting the enemy to be in the S.E. quarter, directs 
the vice-admiral, by signal, to take station 3 miles S.E. of 
him, and the look-out steamer due Qast 5 miles ; at the same 
time he sends several steamers from the main body to rein- 
force the vice-admiral at the appointed station. Now, sup- 
posing the admiral continue to steer due east 6 miles an hour, 
and the vice-admiral to increase his speed to 10 miles, and 
the look-out steamer to 14 miles an hour, it is required t6 find 
the course and distance of the look-out steamer, and also the 
course and distance of the vice-admiral, so that they inay 
reach their several stations in the shortest time. Eequired 
also the time in reaching their stations, the rate at which the 
reinforcement must steam to reach the station at the same 
time as the vice-admiral, and also its course and distance. 
Am. Vice-admiral's course is S.E.b.S. nearly ; distance, 
9*42 miles. Look-out steamer's course is N.KE. 
nearly; distance, 8*94 miles. Keinforcement's course 
is E.b.S.JS. nearly; distance, 8 miles. The vice- 
admiral and reinforcement reach their station in 56 
minutes, and the look-out steamer in 38 minutes. 
The reinforcement's rate of steaming, 8^ miles an 
hour. 
If a geometrical construction of this problem be made on 
a large scale, the course, &c. so found will be sufficiently cor- 
rect for practical purposes. (See a geometrical construction 
ia tke volume of Solutions.) 

The above example belongs to a very important class of 
problems connected with naval tactics and the combined evo- 
lutions of steam squadrons. These problems will attract more 
attention hereafter, when it is found that a fleet of steamers 
must be handled with almost the same precision as an army. 
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Section IL 

Applicaiion of Spherical TrigonoTnetry to Nautical Astronomy. 

(39). To assist the student in understanding the follow- 
ing problems, we will give in this place a few definitions of 
astronomical and nautical terms. These definitions are ex- 
plained more at large in Nautical Astronomy^ Part 11. 

Definitions in Astronomy. 

(40). The astronomer conceiyes all the heavenly bodies to 
be contained within a hollow sphere of great but indefinite 
magnitude ; he supposes this sphere (the interior surface of 
which is called the celestial concave) to have the same centre 
as the earth ; and in all applications of spherical trigonometry, 
he employs, instead of the real position of imy of the heavenly 
bodies, the point in which the celestial concave is cut by a 
straight line drawn through the e^^ref of the earth and of the 
body; this point is called 
the true place of the hea- 
venly body. Thus, let 
QZPQ^Pj represent the ce- 
lestial concave, m a hea- 
venly body, Apq^p^ the 
earth, and C its centre ;* ^ 
join Cm, and produce it to 
cut the celestial concave in 
Mj : then M| is the trtie 
place of the heavenly body 
m. Let A be the place of 
a spectator on the surface of the earth; join Am, and pio- 

* The figure of th« earth is proyed to be an oblate spheroid (see 
Namgation, Part II.). In the diagram Apq^pi is a seotion of the earth, 
but its elliptioal form is much exaggerated, for the sake of drawing 
the lines distinctiy. 
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duce it to the celestial concave at M : then M is called the 
apparent place of the heavenly body m. 

(41). The extremities of the axis on which the celestial 
concave appears to revolve, in consequence of the earth's 
diurnal motion about its axis pp^y are called the poles of the 
/leavens : thus the line PP^ represents the axis of the heavens, 
P and Pj are the poles ; the points p and p^ in which the 
earth's surface pqp^q^ is cut by this axis, are called the poles 
of the earth. That great circle on the surface of the earth 
which is equidistant from each of its poles is called the terres- 
trial equator; in the 'figure, qq^ represents the plane of the 
terrestrial equator. The terrestrial equator extended to the 
celestial concave, as QQp forms the celestial equator. A circle 
touching the earth where the spectator stands, and extending 
to the celestial concave, is called the visible horizon, and a 
circle parallel to the visible horizon which passes through the 
centre of the earth and extends to the celestial concave is 
called the ratioiwd horizon \ thus hr represents the visible, 
and HE the rational horizon of the spectator at A. These 
two circles, however, form one and the same in the celestial 
concave : thus the points R and r in the figure must be sup- 
posed to coincide. This may be readily conceived, when we 
consider that the distance of any two points on the surface of 
the earth will make no sensible angle at the celestial concave ; 
therefore either of these two circles is to be understood by the 
word hoinzon. Of the poles of the horizon of any place, that 
which is over the place is called the zenith, and the other the 
nadir, as Z and z^ in fig. a. 

(42). Great circles passing through the zenith are called 
circles of oLtitvde^ or vertical circles ; the circle of altitude 
passing through the poles of the heavens is also called the 
cdiBstial meridian ; the points of the horizon through which 
the celestial meridian passes are called the north and south 
points ; and a circle of altitude at right angles to the meridian 
is called the prime vertical. The points of the horizon through 
which the prime verticalpasses are called the eastand westpointa* 
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flg. b. 




(43). These circles will be more clearly understood by 
means of fig. b, in which KWSE represents the horizon of a 
spectator whose zenith is supposed to be Z ; N, S^ E, W the 
north, south, east, and 
west points of the horizon. 
NZS is a circle of altitude 
passing through the zenith 
and pole, and therefore re- 
presents the celestial me- 
ridian: ZDy ZO, &c. are 
circles of altitude, or ver- 
tical circles, and WZJfi is 
the prime vertical (42). 

(44). Since the horijzon 
and celestial equator are 
both perpendicular to the celestial meridian, the points where 
the horizon and celestial equator intersect each other must be 
90° distant from every part of the meridian [Part 11. Art* 
(65), Cor. 3] ; that is, the celestial equator cuts the horizon in 
the east and west poinis; draw the curve EQW to cut the 
horizon in the east. and west points; this will represent the 
celestial equator. Since the poles of the heavens are 90° dis- 
tant from the equator, take QP=90°. Then P is one of the 
poles of the heavens ; it» is called the elevated pole, or the 
one above the horizon, and the arc NP is the altitude of the 
pole. 

(45). The distance, ZQ (figures a and 6), of the zenith 
from the equator represents the latitvde of the spectator ; this 
may be more clearly seen in fig. a, p. 123, where PZQH re- 
presents the plane of the celestial meridian, Z the zenith of 
the spectator at A, hr or HR his horizon, P the elevated 
pole, QQp drawn at right angles to P^P, represents the plane 
of the celestial equator, and the angle ZGQ (the earth being 
considered as a spheroid) is the latitude of the spectator ; but 
since the distance, ZQ, of the zenith from the equator mea- 
sures the same angle, this arc is taken to represent the lati- 
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tude.* ZP (figures a and &), the complement of ZQ, is called 
the colatitude. 

(46). The altitude of the pole is easily shown to be equal 
to the latitude of the spectator ; 

for alt NP=90^-PZ=90°-colat. (fig. 6). 
=90° - (90°— lat.)=ktitude. 

(47). The sun, in consequence of the earth's motion in 
its orbit, appears to move eastward in the celestial concave, 
and, in the course of a year, to describe among the fixed stars 
a great circle ; this circle is called the ecliptic. It is inclined 
to the celestial equator at an angle of about 23° 28^ called 
the obliquity of the ecliptic. In fig. &, AC^^T represents a part 
of the ecliptic, and 'the angle MAE the obliquity. The 
points in which the equator and ecliptic intersect are called 
the first point of Aries and first point of Libra; the former, 
being the point where the sun crosses the equator to the north- 
ward, is called the vernal equinoctial point, and the latter the 
autumnal equinox. Great circles passing through the poles of 
the heavens are called circles of dedinatioii, and great circles 
passing through the poles of the ecliptic are circles oilaiityde: 
thus, in fig. &, PE, PA, &c. are circles of declination ; and if 
P^ represent the pole of the ecliptic, PjM is a circle of lati- 
tude. Parallels of declination and latitude are small circles 
parallel respectively to the celestial equator and ecliptic. 

(48). The declination and nght ascension of a heavenly 
body may be defined thus : the declination of a heavenly body 
is the arc of the circle of declination passing through its place 
in the celestial concave, intercepted between this place and 
the celestial equator ; the right ascension of a heavenly body 
is the arc of the celestial equator intercepted between the first 
point of Aries and the circle of declination passing through 
the place of the body in the celestial concave. Or, it is the 

* If a line be drawn from C, the centre of the earth, to A, and 
produced to out the oelestial ooncave in Zi, the arc ZiQ is called the 
latitude on the iphere, or the reduced latitude. 
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angle at the pole of the heavens between the circles of decli- 
nation passing through the first point of Aries and the place 
of the heavenly body ; the arc or angle being measured round 
the equator or the pole from west through south to east, or in 
the direction of the earth's motion round the sun : thus, in 
fig. 6, if X be a heavenly body, and PXR a circle of declina- 
tion passing through its place, XR is its declination, and AR, 
or the angle APE, its right ascension. In like manner, if a 
circle of latitude be drawn through any point in the celestial 
concave, the part of it between the point and the ecliptic is 
called the latitvde of the point, and the arc of the ecliptic ex- 
tending eastward from the first point of Aries to the circle of 
latitude is called the longitude of the point ; thus the latitude 
of X is XM, and longitude AM. The altitude of a heavenly 
body is the arc of a circle of altitude intercepted between the 
place of the body and the horizon ; thus XO is the altitude 
of X. The azimvih of a heavenly body is the arc of the 
horizon intercepted between the north or south points and the 
circle of altitude passing through the place of the body ; or it 
is the corresponding angle at the zenith between the celestial 
meridian and the circle of altitude passing through the body : 
thus SO or NO, or the angles OZS or OZN, is the azimuth 
of X. The amplitude of a heavenly body is the distance 
from the east at which it rises, or the distance from the west 
at which it sets, these arcs or distances being measured on the 
horizon ; thus the amplitude of X is the arc WD or ED^ (the 
dotted line DgXD being the arc of a parallel of declination 
described by X from rising at Dg to setting at D). The hour 
angle of a heavenly body is the angle at the pole between the 
celestial meridian and the circle of declination passing through 
the place of the body ; thus ZPX is the hour angle of X If 
L be the place of the sun west of the meridian, its hour angle 
ZPL is called apparent time ; but when the sun is east of the 
meridian, as at C, then apparent time is found by subtracting 
the hour angle ZPC from 24 hours. 
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Definitions in Navigation, 

(49). Let A and F represent two places on the surface of 
the earth (considered as a sphere), 
PU, PZ, their meridians, P the 
pole, and UZ an arc of the equa- 
tor. Through A and F draw a 
curve line, AF, cutting all the 
intermediate meridians, PV, PW, 
&c. at the same angle. This 
common angle is called the course 
from A to F, and the arc AF (in 
nautical miles) is called the dis- 
tance. Draw the parallels of lati- 
tude AA' and FF; the arc AU 
is the latitude of A, and FZ the 
latitude of F ; UZ, or the angle 
APF, is the difference of longi- 
tude between A and F. The arc AF' is the difference, or as 
it is called in Navigation, the true, difference of latitude be- 
tween A and F. 

(50). Suppose the intermediate meridians, PV, PW, &c. 
to be drawn through points B, C, &c. taken on the arc AF 
indefinitely near to one another, and though A, B, &c. suppose 
arcs of parallels AM, BN, &c. to be drawn; on this supposition 
the elementary triangles ABM, BCN, &c. may be considered 
as right-angled plan^ triangles, of which the sum of the sides 
AB, BC, &c. is the distance, the sum of the sides BM, NC, &c. 
is equal to the true difference of latitude, and the sum of the 
sides AM, BN, &c. is called in Navigation the departure. 

The chart used at sea for marking down the ship's track 
and for other purposes, exhibits the surface of the globe on 
a plane, on which the meridians are drawn parallel to each 
other, and therefore the parts AM, BN, CO, &c., arcs of par- 
allels of latitude, are increased and become equal to the cor- 
responding parts of the equator UV, VW, &c. Now, in order 
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that every point on this plane may occupy the same relative 
position with respect to each other that the points corre- 
sponding to them do on the surface of the globe, the distance 
between any points A and F, and A and F, must be in- 
creased in the same proportion as the distance FF has been 
increased. The true difTerence of latitude AF', is thus pro- 
jected on the cl^art into what is called the meridional differ- 
ence of latitude, and the departure AM+BN+CO-H . . in- 
to the difference of longitude. A chart constructed in this 
manner is called a Mercator's Chart. From these definitions 
and principles are deduced the fundamental formulae in 
Navigation ; and these, expressed in words, form the common 
rules of Mercator and parallel sailing. The investigation of 
these fdrmulae and rules is given in Navigation, Part II. 

Spherical Trigonometry derived its origin from the com- 
putations necessary in astronomy, and its principal applica- 
tions are still furnished by the same science. 



Examples in Nautical Astronomy, 

1. In latitude 30° 45' N. the altitude of the sun was 
14° 45' (east of meridian), and by the Nautical Almamus its 
declination at the time of observation was 16° ID'S; required 
the azimuth and hour angle. 

Let NWS£ represent the horizon^and Z the zenith of the 
spectator; NZS the celestial me- ^ 

ridian: then WZ£, drawn at 
right angles to the meridian, will 
represent the prime vertical (see 
definitions, p. 124). Take NP 
an arc of the meiid]ans30° 45' w \ 
the latitade ; then P is the pole 
of the heavens, since the altitude 
of the pole is eqoal to the lati- 
tude (p. 126) : therefore PZ is 
the colatitiide. TakePQ=90°; 
then Q is a point in the celestial equator. Through Waul E^ l 
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the west and east points of the horizon, and Q, draw the circle 
WQE ; this will represent the celestial equator. 

Let X he the place of the sun at the time of observation. 
Through X draw ZO a circle of altitude, and PX a circle of 
declination ;* then PZX is a spherical triangle, in which are 
given the polar distance PX=90° + declination=106° 10', 
the zenith distance ZX=90°— altitude=75° 15', and the co- 
latitude PZ=90°-latitude=59° 15' ; to find the angle PZX 
the azimuth, and the angle ZPX the hour angle of the hea- 
venly body. 

Calculation. (By Eule YIIL) 

(1.) To find azimuth PZX, or arc NO. 

75° 15' 0-014553 

59 15 0-065801 

16 4*942169 

106 10 4-850115 

9-872638 
.•.PZX=119°27' 
or azimuth=N.119° 27'E. 

d hour angle ZPX. (By Rule VIIL) 

0017523 
0-065801 

4-942169 
4-388711 

9-414204 
. • . ZPX=4h. 5m. Is. the hour angle.* 

* The place of the heavenly body X in this, and in all the dia- 
grams in the following pages, should be estimated as near the truth 
as possible by the eye without using mathematical instraments ; a 
tolerably correct figure may be always drawn in this manner after a 
little practice. For instance, since the above figure is projected for 
a place in north latitude, X must be placed below the equator because 
its declination is south ; the altitude XO in the figure is about 15% 
and declination BX about 16% supposing the lines ZO and PR to 
represent 90®. ^ , 
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2. Eequired the shortest distance between London and 
Calcutta : the latitude of London (St. James's Church, Picca- 
dUly) being 51^ 31' K, longitude 0^ 8' W. ; the latitude of 
Calcutta 22° 34' N., and longitude 88° 26' E. (the earth con- 
sidered as a sphere, and the length of a degree= 69*05 miles). 

Let P represent the north pole of the earth, L Lon- - 
don, and C Calcutta. p 

Draw PL and PC, 
meridians passing 
through London 
and Calcutta; and 
through L and C l^ 
draw LC, an arc of 
a great circle : LC 
is the shortest dis- b 

tance between the two places. 

In the spherical triangle LPC are given PL the colatitude 
of London=38° 29', PC the colatitude of Calcutta=67° 26', 
and the included angle LPC = the difference of longitudes 
88° 34'; to calculate the third side LC. 



GaUvlation. (By Eule XL) 
To find distance LC. 




PC. 


. 670 


26' 






6-301030 


PL., 


.38 


29 






9-965406 




28 


57 






9-793991 


P... 


..88 


34 


560266 
124967 
685223 




9-687968 
5-748395 






• 
• 


. LC=71° 


39'= 


=71°-65 



di8tance=71°-65 x 6905=4947 mfles. 
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5. Beqnired the right ascension and declination of the 
sun when its longitude is 64° 33' 15'', the obliquity of the 
ecUptic being 23° 27' 45". 

Let AE represent the celestial equator, and AX the ecliptic; 

-the intersection A 
the first point of 
Aries. Let X be 
I the place of the sun 
_^^ J in the ecliptic : then 
^ AX = longitude =s 
64° 33' 15", and the angle XAE=the obliquity of the ecliptic 
=23° 27' 45". Through X draw XK, a circle of declination : 
then XAE is a right-angled' spherical triangle, in which are 
given AX, the angle A, imd the right angle AEX ; to find XE 
the sun's declination, and AE its right ascension (see defini- 
tions, p. 126). 




Galmlation. (By Eule Xm.) 

(2.) To find decl. XE. 
sin. XE =sin. A sin. AX 
" 9-600045 
9-955684 



(1.) To find right ascension AE. 

+ + + 

COS. A=cot. AX. tan. AE 

AX... 64* 33' 15" 19-962521 

A 23 27 45 9-677439 

10-285082 

.-. AE=4h. 10m. 20s. 

the sun's right ascension. 



9-555729 
.•.XE=21°4'15"I^" 
the sun's declination. 



4. Eequired the time of sun-rising at a place in latitude 
30° 45' S., the sun's declination being 18° 28'!^. (neglecting 
the effects of refraction, &c.). 

Let NWSE represent the horizon, ISTZS the celestial me- 
ridian. Then, since the spectator, whose zenith is Z, is in 
south latitude, the south pole is above the horizon : take, 
therefore, SP=a=30° 45' the latitude; then P is the south pole. 
Let be the place of the sun in the horizon^ and through 
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draw the circle of altitude ZO and circle of declination PO : 
then ZPO is a quadrantal tri- 
angle, in which are given PZ 
the colatitude = 69° 16', the 
polar distance PO=90° + de- 
clination = 108° 28', and the 
quadrant Z0=90° ; to find the 
angle ZPO, the hour angle at 
the time of rising, which sub- 
tracted from 12L will give the 
A.M. time of sun-rising. 




To find hour angle ZPO. 
PZ ... 69° 15' 9-774471 

PO ... 100 28 9-623679 

.•.P=6h. 14m. 10s. 



cos. P=— cot. PZ cot. PO 



(By Rule XIV.) 



9-298160 
sun rises at 6h. 46m. 50s. a.m. 



The follcnimg Problems are given as Exercises in Spherical 
Trigonometry. They also form an Introdudion to Nau- 
tical Astronomy. 

[102]. In latitude 50° '48' N. the altitude of the sun wai^ 
46*^ 20' (west of meridian), and, by the Nautical Almanac, 
its declination at the time of observation was 23° 27' 46" !N". ; 
required the azimuth. (Fig. 73.) Ans. N. 111° 51' W. 

[103]. In latitude 50° 48' N. the altitude of the sun was 
46° 20' (west of meridian), and its declination 23° 27' ^o'^N. ; 
required the apparent time of observation. (Fig. 73.) 

Ans. 2h. 57m. 16s. 

[104]. The azimuth of a heavenly body was observed to 
be K 111° 51' W., its altitude at the same time was 46° 20', 
and declination 23° 27' 45" N. ; required the apparent time. 
(Fig. 73.) Anfi. 2h. 57m. Ub. 
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[105]. Wliat is the altitude of a star whose hour angle is 
38° and declination 16° N. at a place in latitude 50° 48' 1!^. 1 
(Fig. 73.) 'An8. 43° 49'. 

[106]. In latitude 50° 48' K, when the sun's declination 
was 12° 29' N. and hour angle 2h. 53m. Is. a.m. ; required 
the azimuth. (Fig. p. 129.) Ans. K 12r 47' E, 

[107]. Given the sun's meridian altitude =70° (zenith 
north of the sun) and its declination 20° N. ; required the 
latitude of the place. Am, 40° N. 

[108]. Given the sun's meridian altitude=70° (zenith 
north) and its declination 5° S. j required the latitude. (Fig. 
66.) Ana. 15° N. 

[109]. Given a star's meridian altitude=70° (zenith south) 
and declination 25° N. ; required the latitude. (Fig. 67.) 

Ans. 5° N. 

[110]. Given the sun's meridian altitude 30° (zenith south) 
and declination 10° N. ; required the latitude. (Fig. 68.) 

Ans. 50° S. 

[Ill], Given the latitude of the spectator 40° N. and the 
declination of a heavenly body 20° N.; required its meridian 
altitude. Ans, 70°. 

[112]. Given the sun's meridian altitude 30° (zenith south 
of the sun) at a place in latitude 50° S. ; find its declination. 
(Fig. 68). ' Ans. 10° K 

[113]. The meridian altitude of a star at a place on the 
equator is 57° ; find its declination (zenith north of star). 

Ans, 33° S. 

[114]. The latitude of a spectator is equal to half the sum 
of the meridian altitudes of a circumpolar star above and be- 
low the pole; required a proof. Given the altitudes 20° and 
70° at its inferior and superior transits respectively; required 
the latitude. (Fig. 69.) Ans. 45° K* 

* The latitude and deolination in the astronomioal problems are 
to be conBidered north, unless the contrary is expressed^^^^Tp 
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{115]. A circTUupolar star passes the zenith of a place, 
and its altitude at the inferior transit is 20*^; required the 
latitude. (Fig. 70.) Ans. 55° N. 

[ll6]. If the altitude of a circumpolar star at its inferior 
transit is equal to its zenith distance at its superior transit, 
required the latitude. Ans. 45° N. 

[117]. In latitude 60° N. what are the altitudes of a star 
at the inferior and superior transits, its declination being 
40° N? Ans. 70° and 10°. 

[118]. What is the declination of a star that passes the 
zenith of a place in latitude 50° 48' K, and what will be its 
altitude at the inferior transit ? 

Ans. DecL 50° 48' N. ; alt. 11° 36'. 

[119]. What is the latitude of a place in which the sun's 
centre just touches the horizon without setting, when its de- 
clination is 23° 28' N. 1 Ans. 66° 32' N. 

(51). The following expressions will be found useful in 
solving astronomical problems for certain positions of the 
heavenly body. They are easily deduced from Kapler's Eules 
for right-angled and quadrantal spherical triangles (pp. 72, 
76). 

1. When the heavenly body is on the pf'ime vertical^ as 
at Y, p. 125, then : 

a. cos. hour angle=cot. lat. X tan. declination. 
p, sin. decLsssin. lat. x sin. altitude. 

y. COS. alt.=sin. hour angle x cos. decL 

3. COS. lat.=cot hour angle x cot. alt. 

. 2. When the heavenly body is »ix hourSy or 90°, ftom the 
meridian, as at Y, p. 125, then : 

s. sin. alt. = sin. decL x sin. lat. 

^. COS. azimuth =cot. lat. x tan. alt 
fl. cos. lat.=scot. decl. xcot. azimuth. 

6. cos. decl.=sin. azimuth X cos. alt. 
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3. When the heavenly body is in the horizon, as at D : 

/. COS. hour angle= —tan. lat. x tan. decl. 

X. sin. decL=cos. lat. x sin. amplitude. 

X. sin. lat = —cot. amplitude x cot. hour angle. 

ft*. COS. amplitude=cos. decl. x sin. hour angle. 

[120]. Given the sun's altitude 30® when due west, and 
its* declination 20® N. ; required the latitude. 

Ans. 43® 9' 15" N. 

[121]. Given the sun's declination 23® 27' 45", and lati- 
tude of the place 50® 48' N. ; to find his altitude, and the 
time when he is on the prime vertical. 

Am. Alt. 30® 55' ; time, 4h. 37m. 4s. 

[122]. Two stars are due east at the same time at a place 
whose latitude is 50® 48' H"., and their altitudes are 20® and 
40® ; find the difference of their hour angles. 

A^iB, 59m. 56s. 

[123], Given the sun's altitude 18® 45' at six o'clock, and 
declination 20® 4' N.'i to find the latitude. 

Ans. 69® 31' 40" K 

[124]. Given the latitude 50® 48' N., and sun's declinar 
tion'23® 27' 45" N. ; to find his altitude and azimuth at six 
o'clock. Arts. Alt. 17®^58' 15"; azimuth, N. 74° 39' 30" E. 

[1 25]. What will be the apparent time of rising of the 
sun at a place in latitude 50® 48' K, when its amplitude is E. 
10® S. (neglecting the effects of refraction, &c.) 1 

Ans. 6h. 31m. 7s. 

[126]. Given the sun's amplitude W. 37° 30' N. and decL 
15® 12' N. ; required the latitude. Am. 64® 29' 15" ^, 

[127J. Given the latitude of the place 50® 48' N. ^ and the 
sun's decl. 18® 28' ISf. ; required his amplitude, time of rising 
or setting, and the length of the day and ni^t. 

Am. Amp. E. 30® 4' 30" N. ; sun rises at 4h. 23m. 19s. 
A.M. ; length of day 15L 13m. 22s. 

[128]. Where will thesun rise in latitude 50® 48' K when 
the day is 14 hours long 1 Am. E. 19® 5'JN. 
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[129]. Given the sun's altitude 22° 56Vand hour angle 
3h. Om., when the declination is nothing, to find the latitude. 

Am. 56° 33' 30" N. 

[130]. Given the sun's altitude 42° 30^; declination, 
22° 10' N. ; and azimuth, S. 57° 45" W.; to find the latitude. 
(Fig. 74.) Ans. Lat 59° 4' ]S\ 

[131]. Given the sun's altitude 37° 20', hour angle 2h. 
15in., and decL 22° 30'K ; to find the latitude (zenith north 
of the sun). (Fig. 74.) Ans. Lat. 71° 31' N. 

[132]. Given the right ascension of the sun (KA), 4h. 
10m. 20s.; and obliquity of the ecliptic (co), 23° 27' 45"; to 
find his longitude and declination. (Fig. 76.) 

Ans. Long. 64° 33' 15"; decL 2V 4' 15" N. 

2. Let RA=17h. 10m.; «=:23° 27' 45". (Fig. 77.) 

Ans. Long. 258° 30' 15"; decl. 22° 58' S. 

[133]. Given the right ascension and declination of a 
heavenly body, and the obliquity of the ecliptic ; to find its 
latitude and longitude. (Figs. 77, 78.) 

EXAMPLES. 

1. Let RA,=2h. 59m. 378. ; decl. =21° 27' 48" :N'. ; «= 
23° 27' 45". Ans. Lat. 4° 15' :N'.; long. 48° 37' 30". 

2. 'Let RA=16h. 14m.; decl.=25° 51' li. ; «=23° 
27' 45". Ans. Lat. 46° 6' 15" N. ; long. 234° 36' 30". 

[134]. Two places have the same latitude, namely, 45° "N., 
and their difference of longitude is 10° 36' ; required their 
distance. (Fig. 79.) Ans. 449*25 nautical miles. 

[135]. Required the distance from Portsmouth to Buenos 
Ayres. (Fig. 80.) 

Lat. Portsmouth, 50° 48' N. ; long. 1° 6'W. 
„ Buenos Ayres, 34 37 S. ; long. 58 24 W. 

Ans. 5949'8 nautical miles, or 6847*2 English miles 
(69^ to a degree). 
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Sailing on or near to a Great Circle, 

(52). The shortest distance between two known places is 
the arc of a great circle passing through them. This distance 
may be found as in the last example. The practical incon- 
venience of sailing on a great circle arises fix)m the necessity 
of continually altering the course. It is for this reason that 
Eules are given for sailing from one place to another so that 
the course may be constant, although the distance sailed is not 
the shortest between the two places. When the distance be- 
tween the two places is considerable, as betwQpn Liverpool 
aiid New York, the following method of approxin^ating to the 
shortest distance may be adopted with advantage : 

1. Compute the shortest distance as in the last example. 

2. Take two or more points on this arc, and find the lati- 
tude and longitude of those points.* 

3. Find the course and distance from the place sailed from, 
to the nearest point marked on the arc, and thence to the 
next point, and so on. (Navigation, Part I.) 

The distance described by the ship on these curves will 
not differ much from the shortest distance; and thus the 
advantage of sailing on one course is combined ;with that of 
shortening the distance. This will be seen in the following 
example : 

Example in Great-circle Sailing. 

1. Compute the shortest distance between Liverpool and 
New Yorkt 

Lat. Liverpool, 63°25'N.; long 2° 59'W. 
„ New York, 40 42 N. ; „ 73 59 W. 

Ana. 2872 miles. 

* The points Bhould not be farther apart than 1000 miles. The 
nearer they are taken to eadi other, the less will be the difforenoe 
between the sum of the distances runAnd the shortest distanoe. 

t This example is worked out at length in NcmgaOon^ Part IL 
pp. 167-169. 
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2. Take a point A, on this arc, distant from Liverpool 
872 miles; take another point B, distant from A =1000 
miles; then from B to New York==1000 miles. Find the 
latitude and longitude of the points A and B. 

Am, Lat. A, 64° 39' K ; long. 27° 46' W. 
„ B, 60 ISr. ; „ 64 9 W. 

3. Find course and distance from Liverpool, to A, from 
A to B, and from B to New York (see Nav. Part I.). 

Ans, Course and distance from : 



Liverpool to A ... N. 86° 9' W. 

AtoB S. 73 64 W. 

B to New York... S. 66 11 W. 



dist. 876 miles. 
„ 1006 „ 
„ 1002 „ 



4. Compute the difference between the distance, by great- 
circle sailing, from Liverpool to New York, and the distance 
by Mercator^s sailing. Ans. 107 miles. 



[136]. Required the distance of the moon from a Leonis 
(Regulus) ; the right ascension and declination of the former 
being 0° 32' 46" and 6° 19^8., and of the latter 148° 18' 46" 
and 13° 10' 16" N. (Fig. 81.) A718. 147° 16'. 

[137]. The meridian altitude of a Leonis (declination 
13° 10' N.) under the North Pole was observed to be 6° 10'; 
required the latitude, u4rw. 83°N. 

[138]. Given the sun's longitude 202° 24' 16", and the 
moon's latitude and longitude 4° 54' 30" N. and 89° 26' 30"; 
required the distance. (Fig. 84.) Ana. 112° 53' 30". 

[139]. If a ship from latitude 50° 10' N. start on a S.W. 
course, and sail 100 miles on a great circle, what wiU be her 
last course 1 (Fig. 85.) Ans. S. 43° 38' W. 

[140]. The latitude of a place A is 40° N., of B 50° N., 
and their distance from each other 20°, the longitude of A is 
15° £. ; required the latitude and longitude of another place 
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C to the north of and 20° distant from A and B. (Figs. 86, 
87.) . Ans. Lat. 59° ^37' :S,; long. 21° 13' E., or 8° 47' E. 

[141]. The distances of a comet from Aldebaran and 
Regulus ivere observed to he 40° 12' and 51° 36' respectively; 
required its latitude and longitude, the respective latitudes of 
the two stars being 5° 28' 45" S. and 0° 27' 30" K, their 
longitudes 67° 12' 16" and 147° 15' 30", and the comet being 
south-east of the arc of a great circle joining them. (Fig. 
88.) Ana, Lat. 28° 0' 15" S. ; long. 102° 19'. 

[142]. Required the beginning of morning and the end of 

evening twilight at a place in latitude 54° 36' N., the sun's 

declination being 8° 30' K (twilight being supposed to begin 

and end when the sun is 18° below the Jiorizon). (Fig. 83.) 

Ana, 2h. 46m. a.m., 9 h. 14m. p.m. 

[143]. Suppose two altitudes of the sun observed in the 
forenoon in the same place, at' the interval of an hour and a 
half, to be 28° 40' and 39" 50'; required the latitude of the 
place, the declination being 23° 26' ISf. at both observations. 
(Fig. 89.) An^. Lat. 59° ir 15" N. 

[144]. The altitudes of a Hydrae and Regulus (both east 
of meridian) were observed at the same time to be 40° 44' 
and 45° respectively, the right ascension and declination of 
the former being 9h. 16m. and 7° 37' S., of the latter 9h^ 
53m. and 13° 9' N. ; required the latitude. (Fig. 91.) 

Am. Lat 26° 23' N. 

[145]. The difference of longitude between two places in 
the same latitude, namely 33° 51' S., is 136° 10'; how much 
shorter is the distance between them on the arc of a great 
circle than on their common parallel, the distance measured 
on the parallel being 6785 miles ; and what is the highest 
latitude attained by a ship sailing from one to the other on 
the arc of a great circle 1 (Fig. 92.) 

Ana, Difference of distances, 737*6 nautical miles; 
highest lat. 60° 54' S. 
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[146]. What is the highest latitude attained by a ship 
sailing on the arc of a great circle from Port Jackson to Cape 
Horn, their latitudes being 33° 51' and 55° 58', and the differ- 
ence of longitude 140° 27'? (Fig. 93.) Ana. 72° 41'. 

[147]. Required the sun's azimuth and depression below 
the horizon at 7h. p.m., when the declination was 10° 15' S., 
and the latitude of the place 50° 48' N. (Fig. 83.) 

Am. Azimuth N. 84° 53' W. ; depression, 17** 24'. 

[148]. Determine the bearing or azimuth of the two stars' 
Aldebaran and Pollux when on the same vertical circle, the 
latitude of place being 25^ K ; the E.A. and declination of 
former star being 4h. 26m. 46s. and 16° ll'K; of the latter 
7h; 35m. 13s. and 28° 24t 26" K (Fig. 94.) 

Ans, Bearing of Aldebaran, S. 75° 5' W. 

[149]. In a certain latitude (zenith N.) the moon's true 
altitude was 18° 2' 30" (east of meridian) in the same vertical 
circle with a star whose right ascension and declination were 
9h. 59m. 42s. and 12° .45' 45" K, the moon's E.A- and de- 
clination being 12h. 35m. 54s. and 1° 42' 30" S. ; required 
the latitude. (Fig. 95.) Ans. 19° 55' 30" ISf. 

The following problems are given as exercises in ana- 
lytical trigonometry. 

[150a]. The altitude of a star when due east was 20°, and 
it rose E.b.N. ; required the latitude. Ans. 29° 42' N. 

[151a]. The altitude of a star when due east was 10°, 
when due south was 40°; find the latitude of the place. 

Ans. 58° 31' K . 

[152a]. Given the altitude of the sun when due west and 
at six o'clock, to find the latitude and declination. 

EXAMPLE. 

Altitude when west=27° 24'; at 6h.=14° 43' 30". 

Ans. Latitude, 48° N.; declination, 20° N. 

[153a]. Given the sun's altitude at six o'clock, and its 
amplitude ; to find the latitude and declination. 
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'example. 

Altitude at 6^=14** 43' 30"; ampUtude=30° 44' 30". 

Ans. Latitude, 42^ or 48°; declination, 22° 20' or 20°. 

[154a]. Given the' sun's altitude at six o'clock, and the 

hour angle when setting; to find the latitude und declination. 

EXAMPLE. 

Altitude at 6h.=14° 43' 30"; h=7h. 35m. 22s. 

Ans. Latitude, 48° 1'; declination, 20°. 

[155a]. Given the times at which the sun sets and is west 
on the same day, at a particular place; to find the latitude of 
the place, and the declination. % 

EXAMPLE. 

Hour angle when W.=4h. 43m. 28s. 
settings 7h. 35m. 22s. 
Ans. Latitude, 48° K; declination, 20° N, 

[156a]. Given the sun's declination, and the interval be- 
tween the times at which he is west and sets ; to find the 
latitude. 

EXAMPLE. 

Decliiiation=20°K; interval=2h. 51m. 54s. 

Ans. Latitude, 48° K or 42° ISf. 
[157a]. Given the amplitude of the sun, and the azimuth 
at six o'clock ; to find the latitude and declination. 

EXAMPLE. 

AmpL=W. 30° 44' 30^ K ; azimuth=N. 76° 18' 45' W. 

Ans. Latitude, 48° K; declination, 20° N. nearly. 

[158a]. Given the sun's meridian altitude, and his alti- 
tude at six o'clock ; to find the latitude and declination. 

EXAMPLE. 

Mer. alt. =62°; alt. at 6h.=14° 43' 30^ 
Ans. Latitude, 48° 0' 20'' K; declination, 20° ISF. 
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[159a]. Given the sun's meridian altitude, and the hour 
angle when rising ) to find the latitude and declination. 

BZAMFLB. 

Mer. alt =66**; hour angle=7lL 

Am. Latitude, 47** 23' 30^ 
[160a]. Given the interval between the times at which 
the sun is west and sets at a place whose latitude is known ; 
to find the declination. 

EXAMPLE. 

Lat.=48° N.5 interval=2h. 51m. 548. - 

Am. Declination, 20^ N. 

[161a]. At a given place, to find the greatest azimuth of 
a heavenly body, whose declination is greater than the latitude 
o£ the place ; to find also the time and altitude on a given 
day, when the heavenly body will have the greatest azimuth, 
and when consequently it will appear to move perpendicularly 
to the horizon. 

EXAMPLE. 

In lat. 20° N. when the sun's declination is 23* 28' N.; 
required the time and altitude when its azimuth is the great- 
e&tj and also its greatest azimuth. (Fig. 96.) 

Am. Time, 9h.47m. 53s. a.m. (app. time); altitude, 
59° ir 30^; greatest azimuth, K 77° 28' E. 
[162a]. In latitude 20° K. when the sun's declination is 
23° 28' ]Sr.; required the time when the sun wiU appear sta- 
tionary in azimuth, the period during which the shadow moved 
in a contrary direction, and the number of degrees it appeared 
to go back. 

Ans. Time, 9h. 47m. 53s.; period, 4h. 24m. 15s.; 

shadow went back 12° 32' 30^ 

[163a]. When the sun's declination was 10° 15' K, and 

that of the moon was 12° 46' S., both were observed to rise 

at the same time ; required the latitude of the place and the 
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time of the observation, the difference of their R.A.'s being 
Ih. 53nL 42s. (Fig. 97.) 

Ans, App. time, 5h. 9m. iOa. a.m.; lat. 50° 18' 20"^ K 

[164a]. On what days of the year is the sun on the hori- 
zons of Dublin, and Pemambuco at the same instant, their 
respective latitudes being 53° 21' N. and 8° 13' S., and their 
longitudes 6° 19' W. and 35° 5' W. ? 

Am, The four days in the year when the sun's de- 
clination is 18° 6'. 

[165a]. ABCD'is a square field, each of whose sides is 100 
yards. In the middle of the field stands an obelisk 60 feet 
high ; find the altitude of the sun when the shadow of the 
obelisk just reaches the corner of the square. A7i8. 15° 47'. 

[166a]. At noon on the shortest day the shadow of a per- 
pendicular stick was 7 times as long as its shadow at noon on 
the longest day; required the latitude, the declination being 
23° 28'. (Fig. 98.) Ans. Sin. 2Z=| sin. 2d; Z=38° 27' 45^ 

[167a]. Compare the lengths of the shadow of a perpen- 
dicular stick at noon in latitude 45° N. on the two days when 
^ the sun's declination was 15° "N. and 15° S. 

Am. Length of shadows as 3 : 1. 

[168a]. In latitude 33° 30' K and decl. 10° 15' K, I ob- 
served that my shadow bore to my height the proportion of 
5:3; required the altitude and hour angle of the sun. 

Am. Alt. 30° 58'; /t=3h. 58m. 4s. 

[169a]. The length of the shadow of a perpendicular 
object was 4 feet, and its longest when sloping was 5 feet ; 
required the sun's altitude. (Fig. 99.) Am. 36° 52' 15". 

[170a]. The elevation of a cloud was observed to be 20°, 
at the same time the sun's altitude was 22°, the sun and cloud 
being in the same plane with the observer, and his distance 
from the shadow 400 yards; required the height of the cloud. 
(Fig. 100.) Am. 1468 yards. 

[171a]. In latitude 45^ N, the meridian altitude of the 
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8un=30®; uhow that the tangent of quarter the length of the 

d«y=;^- (Fig. 101.) 

[172a]. At a certain place the son rose at 7h. A.M., and 
its meridian zenith distance was twice the latitude ; required 
the latitude. ' Ans. Lat. 26° 58'. 

[173a]. In latitude 45° N. the sun rose at 4h. a.m.; show 
that the tangent of the meridian altitudessS. 

[174a]. In latitude 50° N. when the sun's declination is 
6° 38' N., required the time it will take the body of the sun* 
to rise out of the horizon, its semidiameter being 16'. (Fig. 
102.) Ans. 3m. 19b. 

[175a]. Required the time th« sun's semidiameter will 
take to pass the meridian, the declination being 23° 4' and 
semidiameter 16' 17'''-3. (Fig. 103.) Ang. Im. lis. 

[176a]. In latit^de 59° 6' N. and long. 6° 15' E. observed 
a point of land bearing K.£., and after sailing E.IST.E. 6 miles 
the point bore N.JW.; required the latitude and longitude 
of the point. (Fig. 104.) 

Ans. Lat. 59° 11' W ; long. 6° 25' 13^ E. 

[177a]. In latitude 45° N., required the difference in the 
lengths of the longest and shortest days (declination 23° 28'). 

Ans. 6k 51m. 40s. 

[178a]. In what latitude iN*. will the difference between 
the longest and shortest days be just 6 hours ) 

Ans. Lat. 41° 24' N. 

[179a]. At a certain place, when the sun's declination was 
10° N., it rose an hour later than when it was 20° N. ; re- 
quired the latitude. Ans, Lat. 52° 27' K 

[180a]. In what latitude N. will the shortest day be just 
one-third the longest (declination 23° 29') 1 

Ans. 58° 27' K 

[181a]. And in what latitude will the shortest day be 
just fths the longest? Ans. 41° 24' K 

[182a]. If a ship sail from a certain place a miles- due t 
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east, then a liiiles due south, and then h miles due west, and 
reach the same longitude ; required the latitude of the place 
arrived at. 

EXAMPLE. 

a=100', and &=rl50'. (Fig. 130.) Am. 85° Of 3(r. 

To find the true hearing of a Terrestrial object. 

[183a]. Given the apparent and true altitude of a heavenly 
body, its declination, and observed distance from a terrestrial 
object ; to find the true bearing of the object from a given 
station. (Fig. 106.) 

1. When the object is in the horizon. 

In latitude 7° 51' N. the observed altitude of the sun's 
lower limb was 10° 30' west of meridian, and observed dis- 
tance of his nearest limb from a well-defined point of land on 
the same level with the eye and to the right of the sun was 
95° 16' ; index correction of the altitude sextant was 50" — , 
and that of the other was V lO^'-f ; the correction for height 
of the eye (14 feet) in taking the sun*s altitude was 3* 41"— ; 
required the true bearing of the point of land, the sun's de- 
clination being 22° 24' S. and semidiameter 15' 45". 

Ans. Bearing, N. 19° 0' 30" W. 

2. When the object is elevated above the level of the eye 
it is necessary to observe its altitude. 

In the preceding example, suppose the object observed to 
be a mountain, the altitude of whose summit is 10° ; required 
the true bearing of that point. Ans. N. 17° W. 

Measurement of an Arc of the Meridian. 

(53). The system of rules and operations by which the 
relative position of any number of points in a tract of country 
may be determined, so that it may be delineated on a plane 
surface, is called Trigonometrical Surveying. When the ex- 
tent of country is not great, the subject involves little difii- 
culty ; but when a kingdom such as Britain or France is to 
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be surveyed, the aid of astronomy and ether branches of na- 
tural philosophy is required. In a survey, the most remark- 
able objects, such as the summit of hills, spires, towers, &c. 
must be chosen as stations, and, if necessary, marked by sig- 
nals. These must be considered as joined by straight lines, 
forming a chain of triangles, connecting each with all the 
others. The sides of the triangles should be as long as pos- 
sible, so as to admit of the stations at any two of the angles 
being seen from the third ; the nearer each triangle approaches 
to the equilateral form the better. Supposing a proper dis- 
position of the triangles to have been made, when their angles 
are known, if a side of any one of them were also known, 
then the sides of all the others might be found by calculation, 
and a plan of the country constructed. 

A small extent of the earth's surface may be regarded as 
a plane, and lines perpendicular to it as parallel to one an- 
Qther. In an extensive survey, however, such as that of 
England, the curvature of the earth must be taken into the 
account) and then its figure and magnUvde enter as elements 
into all the calculations. This connection between the figure 
of the earth and the magnitude and position of lines traced 
on its surface affords conversely the means of determining the , 
former when the latter are known ; so that such surveys, be- 
sides their immediate object, are applicable to the solution of 
the still more important problem of finding the magnitude 
and figure of the earth itself. (See p. 151.) 

When a tract to be surveyed has been covered with a 
series of triangles, so as to connect the principal points, and 
all the angles of each and a side of one are known, the sides 
of all the triangles may be found by calculation, and a plan 
made by constructing the triangles on the sides of each other; 
but in a plan so constructed any error made in the value of 
one of the sides or angles will produce corresponding errors 
in all the others. 

To avoid as much as possible this source of error, we may 
detenniim^the position of a side of one of the triangles with 
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respect to the meridian by compass, or more accurately by 
astronomical observations (see Problem 183) ; and then cal- 
culate the distances of all the stations from such meridian, 
and also the meridional distance of one station from the other. 
From these distances the position of each station may be laid 
down in the plan independently of the others, and also the 
direct distance between any two points may be easily found. 
The manner of proceeding will appear from the following 
Problem. 

[184]. (Fig. 69,) Let A, B, C, D, E, F, be six stations 
connected by four triangles ABC, BCD, BDE^ EDF ; the an- 
glesare : 

BAC=79°2(y CBD=:39°20' 

ABC=51 31 BCD=69 28 

ACB=:49 9 BDC=71 12 

DBE=45 28 EDF=62 3 

BDE=72 3 DEF=52 25 

BED=:62 29 DrE=65 32 

A side, AB, of one of the triangles is 4213 yards, and it makes 
with the meridian, !N^S, an angle SAB=62^ 52' at the point 
A ; and the station F makes at the point S an angle ASF 
with the meridian=52^ W, It is required to find the points 
in which perpendiculars from the stations will cut the me- 
ridian, and the length of each perpendicular. 

SOLUTION. 

1. Draw B6, Cc, Dc?, Ee, F/, perpendicular to the meri- 
dian, and Bn, Dg', parallel to it, forming the right-angled 
triangles AB6, BC/w, BD», ED^, EDg^. Because the angles 
of the four triangles ABC, BCD, BDE, DEF, are given, and 
also AB, a side of one of them, the five lines AB, BC, BD, 
DE, DF, may be found from AB and each other (their logar- 
ithms are : 

AB=3-624591, BD=3-733559, Dr=3-678633, 
BC=3-738255, and DE=3-638690). 

2. In the right-angled triangle AB&, the side AB (orbits 
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log.) and the angle BA&=a62° 52' are known, hence we find 
A6=1921-4, B&=3749-3 yards. 

3. If from ABw=117° 8' (the supplement of BA&) the 
angle ABC=:51° 31' be taken, there remains CBm=65° 37'; 
therefore, in the right-angled triangle CBm the angles and the 
log. of BC are now known, hence we find Bw=2259*6, and 
Cm=4985-2. 

4. And if from CBm=66° 37' CBD=:39° 20' be sub- 
tracted, there remains DB?i=a26° 17'; therefore in the right- 
angled triangle DBn the angles and the log. of BD are known, 
and hence B«=«:4864-7 and D?i=32397-6. 

5. From BDg=153° 43' (supplement of DBn) subtract 
BDE=72° 3', and there remains EDj?=:81° 40'; then in the 
right-angled triangle EDp the angl&s and the log. of DE are 
known, and thence Dp==630-7, Ej?=4306-1. 

6. Subtracting EDF=62° 3' from EDi>=s8P 40', there 
remains FD^=sl9^ 37'; and hence in the right-angled triangle 
DYq we find Dg=3569-1, F^=12721. 

To determine the stations we have now : 

Ab = 1921-4 B6 =3749-3 

Ac=A&-fBm= 4181-0 Cc =Cm-B& =1235-9 

Ad=^Ah+Bn = 6776-1 Dd^Bb -D7i=1351-7 

Ae=A(£-fDi?= 7406-8 Ee =Dc^ -f Ei?=5667-8 

A/=A(£+D2 =10345-2 F/ =:I)d +F2=2623-8 

' By these numbers^ the position of each station may be laid 
down with greSt accuracy in a plan, independently of the 
others ; also the distance between any two may be readily 
found ; for example : 

CE=^ >/ {(Cc + Ee)« + (Ae - Ac)«} 

Lastly. We know by observation that the bearing of F 
from S is K 52^ 40' E. ; hence in the right-angled 'triangle 
F/S we find S/=2001-2 yards ; adding this to the line A/, 
we have the length of the meridian line between the stations 
A and 8=12346-4 yards. 
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The above method of measuring the meridian line between 
two distant stations furnishes, as we have said, the means of 
finding the approximate length of a degree, and thence, on 
the supposition of the earth being an exact sphere, the mag- 
nitude of the earth ; for we have only to determine by ob- 
servation the difference of latitude between the stations A 
and S, and then divide the whole length of the arc, found as 
above, by the number of degrees contained in it ; the result 
multiplied by 360 will give the circumference of the earth. 
Thus, let us suppose the latitude of A has been found by 
some of the preceding problems to be 49° 48' 6-4'^ N., and 
that of S 49° 42' 4-86"' N., and the length of the line AS to 
be 12346*4 yards; tiien by a common proportion we easily 
find that the length of a degree is about 69 miles. Picard, 
in 1670, by observations and measurements conducted in a 
manner similar to the above, found the length of a degree of 
the meridian in latitude 49° N. to be 121627 yards, which 
differs only 35 yards from what is now considered as the more 
exact length; an accuracy, however, which must be supposed 
to be quite accidental. 

If we assume the above measurement to be correct, and 
the earth to be a sphere, its circumference would be about 
25,000 miles. Similar observations and measurements have, 
however, since been made, in the same and other parts of the 
earth, with more accurate instruments; from which it appears 
that the lengths of a degree of latitude are not invariable, as 
would be the case if the earth were a sphere ; but that they 
increase pom the equator to the poles; suggesting to us the 
figure of an oblate spheroid. 

The several lengths of a degree of the meridian, measured 
in Sweden, Russia, England, India, &c. are given in the 
Author^s work on ^N'avigation, Part II., and also the investi- 
gation of the following formulae for determining by means of 
these measurements the lengths of the equatorial and polar 
diameters of the earth. By applying the formulae to the ob- 
served lengths of a degree in different parts of the earth, we 
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find that the semi-major and semi-minor diameters of the earth 
are about 3962 miles and 3950 miles respectively. 

FormulcBfor determining the EaHKs Equatorial and Polar 
Diameters, 
Let D and D, l>e the lengths (in feet) of a degree of the 
meridian in latitudes I and l^ respectively, a and h the semi- 
major and semi-minor diameters (expressed in miles), then 

a-J=0036171 (D-D,)co8ec. (l-^k) cosec.G-y 
«=-0036I71{2(D-D,)-f3(D,8m.»/-Dsin.%)}oo8ec.(^-i-Z0oo8OO-(^-^i) 

EXAMPLES. 

[184a]. The lengths of a degree of the meridian mea- 
sured in England and India in latitudes 52° 35' 45^ H". and 
12° 33' 2V N. were 364971 feet and 363013 feet respectively; 
required the equatorial and polar semi-diameters a and h, 

Ans. a— 5=12-2 miles; a=3962 miles, 5=3950 miles. 
[165a]. The length of a degree inRussia in lat. 58° 17'37''K 
is 365368 feet, and in India, lat. 16° 8' 22" N. is 363044 feet : 
calculate the equatorial semi-diameter of the earth. 

Ans, 3961-8 miles. 
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PREFACE. 



The following solutions of the problems contained in Trigo- 
nometry, Part I., are given chiefly with the. object of facili- 
tating self-instruction in the principles of Navigation and 
Nautical Astronomy. Designed for the use of all who are 
interested in navigating ships, they are especially adapted 
for those who have to rely on their own exertions for acquir- 
ing a theoretical knowledge of these subjects* 

Langstonoi Nov. 1878. 
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Pbob. 1 (Fig. 17). 
This problem is similar to tlie one solved in p. 83.* 

Let C5 represent the height of the tower=:216, Aa height 
of observer's eye=5, and ah the width of river required. 

Draw AB parallel to horizontal line aft, .*. B6=Aa=5, 
and CB=C6-B6=216-5=211; join AC; then CAB= 
angle of elevation=47^ 56'. In the right-angled triangle 
ABC are given the perpendicular CB=211, and angle CAB 
==47® 56', to find the base AB=a5, the width of river re- 
quired. 

(Kule V. p. 57) ^=cot.CAB,or AB=:BC . cot. CAB= 

190'4. 

Pbob. 2 (Fig. 53). 
This problem is similar to the one solved in p. 83. 

BD 

In ABD,^=cot. B, or BD=AD . cot. B=133-7 (p. 57) 

DC 
In ADC, ^=cot. C, or DC=AD . cot. C=71-3 

and BC=BD+DC=133-7+71-3=:205, the Answer, 

Pbob. 3 (Fig. 17). 

This problem is similar to the one solved in p. 83. 

BC 
To find BC (p. 57),-^=tan. A, or BC=AB . tan. A=471-l 

AC 
„ AC, ab'^'^®^' ^' ^^ AC=AB . sec. A=511-9 

♦ The references are to Trigonometry, Part I., sixth edition. 
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♦ •. perimeter of triangle=BC+AC+AB=1183 feet=-224 
of a mile. . •. 4 : -224 : : 60" : time required==3" 21-6'. Am. 



Pbob. 4 (Fig. 53). 
This problem is similar to the one solved in p. 83. 
In triangle BAG, AC=AB, and AD, the perpendicular 
npon BC, bisects the angle BAG and side BG. 

DC=50, and angle DAC=75° are given, to find AG. 

jrpS=cosec. DAG, or AG=DG . cosec. DAG=51-77. Ans. 

Pbob. 5 (Fig. 18). 
Let AG represent the broken piece =39, A the point 
where it struck the ground, and AB the distance of its top 
from the base=15. Eepresenting the known quantities AG 
by a, and AB by h, and the unknown part BG left standing 
by a;, we have in right-angled triangle ABG, x^^za^-^h^zs:. 
(a+&).(a— &)=54x24.-.a;=>/54x24=36..(p. 13), and 
whole height of pole=39 + 36 =75 feet. Ana. 

Pros. 6 (Fig. 19). 

Let D and E be the windows, DG=EG the ladder=36 
=a, BD height of lower window=18'9=J, and AE height 
of other window=30-7=c. Draw FD parallel to AB, then 
FDE is the angle of elevation of E above D. 

Let BG=a;, AC=y, then a;+2/=breadth of street. 

Lx AGE, GBD, 2/2=a2-c2=(a+c). (a— c) and x^^a^-^h^ 
=(a+6).(a--&), whence 2/=18-8, and a;=30-7, as in last 
problem. 

.•• breadth of street=a?+2/=49*5feet. 

and tan. FDE=|J=^=^=13° 24' 30". Ans. 
FD x+y 49-0 

PROB. 7 (Fig. 17). 
Similar to problem p. 83. 
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Pros. 8 (Fig. 20). 
This problem is similar to the one solved in p. 84. 
Ex. 1. Let C be the place of the ship, AB the base=1000 
yards, A=32° 10', and B=83^ 18'. In triangle ABC are 
given the side AB or c, and the two angles A and B, whence 
the third angle C=64° 32', and the side CA or b, the dis- 
tance of the ship from A, may be found by Eule p. 47. 
thus b :c :: sin. B : sin. C .*. 5=1100*1 yards. 
Ex. 2. Since A+B=80°+50=130^.-.C=50°=B 
.'. side CA=AB=2'6 miles. 

Pros. 9 (Fig. 20). 
This problem is solved in a similar manner to the last. 
To find AC .. AC : AB : : sin. B : sin. C . •. AC=9-478 miles. 
TofindBCBC : AB :; sin. A : sin. C .••BC=9-52 „ 

Pros. 10 (Fig. 53). 

Let ABC be an isosceles triangle, AB=r AC, and A the 
vertical angle. Draw AD perpendicular to BC, then AD 
bisects the vertical angle and also the base BC ; therefore in 
the right-angled triangle ADC are given DC=60, and angle 
DAC=23° 30', to find AC- 
AC 
=r^=:cosec. DAC, or AC=DC . cosec. DAC=150-5=AB. 

Pros. 11. 

In Fig. 17, draw a line BD from the right angle B per- 
pendicular to AC : it is required to find BD, having given 
AB=18 and BC=24. 

(1.) In right-angled triangle ABC, given BC and AB, to 
find angle A, 

tan. A==?§ .-. A=53° 7' 45". 

(2.) In right-angled triangle ABD, given AB and angle A, 
to find BD, 

jg=sin.A.\BD=14'4. iliw. 
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Pbob. 12 (part of Fig. 21). 

This pioUem is similar to the one solved in p. 88. 

Let AB represent the height of tower, D and C the sta- 
tions; then DC=100, ACB=46^ 15', and ADB=31° 20', 
are given, to find AB. 

(1.) In oblique-angled triangle ADC are given DC=100, 
angle 'ADB=31° 20', and angle DAC=»(ACB-ADC)= 
14° 55', to find AC. 
(By p. 47.) AC : DC : : sin. D : sin. DAC . •. AC=202. 

(2.) In right-angled triangle ABC are given AC= 202, and 
ACB=46° 15', to find AB. 

YQ=:sin. ACB, or AB=AC sin. ACB .-. AB=145-9. Arts. 



Prob. 13 (see Ex. p. 88). 

The solution of this problem is similar to the last. 

Let AB (Fig. 21) represent the height of cloud, D and C 
the two ships; then bc=880 yards, ADC =35°, ACB =64° 
.-. DCA=116°, and DAC=29°. 

(1.) To find AC, or rather log. AC, 
AC:DC ::sin. ADC: sin. DAC. '.log. AC=3*017503. 

(2.) To find AB, 

AB 

^=sin. ACB, or AB=A C . sin. ACB . •. AB=935-6, 

and height of eye above the 6ea=935-6 + 7=942*6 yards. 

Ans, 

Prob. 14 (part of Fig. 21). 

Let AB represent the tower, C and D the stations ; then 

CB=200, DB=350, and angle ACB=39° are given, to find 

AB and angle ADB. 

AB 
(1.) To find AB, ^=tan. ACB . •. AB=162 feet nearly. 

AB 
(2.) To find ADB, tan. ADB=g|, whence ADB=24° 60'. 
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Prob, 15 (Fig. 20). 
Let B and C represent the two ships, A the spectator ; then 
distances AC=4568 and AB-=6852 (being 1142 x elapsed 
seconds) ; hence in the triangle ABC are given two sides, and 
included angle A==48*^ 42', to find the third side CB. .-.by 
Eule p. 54 or 55 the side CB=5147-9 feet. 

Pbob. 16 (Fig. 21'). 
Let AB represent the ship's mast, C the other ship's hull ; 
then, if BD is a horizontal line, DBC is the angle of depres- 
sion, and is equal to the alternate angle HC A. Li the right- 
angled triangle BAG are given AB= 80, angle C=20°; hence 
AC=2l9-8 feet 

Prob. 17. 
Draw two parallel lines AB, CD, perpendicular to a 
horizontal Hne BD, to represent the two monuments; let 
AB=100, CD =50, and through the tops A and C draw a 
straight line cutting the horizontal line BD produced in E : 
then angle E=37^; also since AB=2CD .-. BE=2DE and 
DE=BD. TofindDEorBD. In the right-angled triangle 
CDE are given CD=50 and E=37°; hence DE and 
.-. BD=66-4feet. 

Prob. 18 (Fig. 23). 

Let AB represent the obelisk, C and D the stations. 

(1.) In triangle ADC, given DC and all the angles, to 
find AC. 

(2.) In triangle ACB, given BC and AC and included 
angle ACB, to find AB, the height of obelisk=57-62 feet. 

Prob. 19 (Fig. 24). 
This useful problem is similar to the one solved in p. 89. 
{1.) In triangle CAB are given the angles CAB, ABC, and 
base AB, to find AC=706-8. (2.) In triangle DAB are 
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given tliean^les DAB,DBA, andbase AB,tofind AD=1389-2. 
(3.) In triangle ADC are given the two sides AC, AD, and 
included angle CAD (the difference between CAB and DAB), 
to find CD=1174-4 yards. 

Prob. 20 (Fig. 24). 
This problem is similar to the preceding. 

Pros. 21. 

Let ACB be the right-angled triangle resting upon its 
hypothenuse, C the right angle .'. c=100 feet. Let A be 
the given angle=36° 40'. Let AC=a:, and CD, a perpen- 
dicular from C upon base AB=y; and when the plane of the 
triangle is inclined at an angle of 60° to the horizon, let the 
perpendicular distance of point C from the horizontal plane 
be denoted by z. In this case z will be the perpendicular in 
a light-angled triangle of which y is the hypothenuse, and 
angle at base = 60°. (By turning down the left-hand 
upper corner of this leaf a right-angled triangle will be 
formed ; the creased line may represent the hypothenuse c, 
the comer of the leaf the right angle C, and the other two 
sides X and y : then, if this right-angled triangle be inclined 
to the plane of the leaf at an angle =60°, the perpendicular 
distance of point C from the plane of the paper will be z, 
the height of the right angle from the ground to be calcu- 
lated.) La. triangle ACB, x^=c cos. A (1). Li triangle ACD, 
yssx sin. A (2). Substituting in (2) the value of a; in (1), 
we have y =c cos. A sin. A (3). i^ow the right-angled triangle 
ACB is inclined to the horizon at an angle=60° 

. •, z=zy sin. 60°=c COS. A sin. A sin. 60° by substituting ^ 
the value of 3^ from (3), whence 2=41*48. (See Ex. p. 31.) 

Prob. 22 (Fig. 25). 
(1.) In triangle DBC, given DC=100, D=33° 45', and 
DBC=ACB-D=51°-33° 45'=17° 15', to find log. BC. 
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(2.) In triangle CBE, given log. BC, angle BCE=ACB 
-ACE=ir, and angle CEB=A+ACE=90°+40°=130°, 
to find BE, tlie required height. 

Prob. 23 (Fig. 26). 
(1.) In triangle ACD, given CD and all the angles, to 
find AD. (2.) In triangle BDE, given DE and all the 
angles, to find DB. (3.) In triangle ADB, given AD, DB, 
and included angle ADB, to find the side AB, the required 
distance. 

Prob. 24 (Fig. 27). 
(1.) In triangle ABD, given the three sides, to find the 
angle ABD, and thence its supplement ABO. (2.) In 
triangle ACB, given the three sides, to find the angle CAB 
and its supplement BAO. (3.) In triangle BAO, given BA 
and all the angles, to find the sides BO and AO, the required 
distances. 

Prob. 25 (Fig. 28). 
(1.) In triangle BAO, given AB and aU the angles, to find 
log. AO. (2.) In right-angled triangle OAC, given angle 
OAC and log. AO, to find AC and OC. 

Prob. 26 (Fig. 29). 
(1.) In oblique-angled triangle ACB, given AC and all the 
angles, to find log. AB. (2.) In right-angled triangle ABH, 
given angle BAH and log. hypothenuse, to find height BH. 

Prob. 27 (Fig. 29). 
Let BH represent the tower, A the observer due south of 
tower, AC a straight line drawn due east, or at right angles 
to AH. (1.) In ABH are given BH=100 feet, and angle of 
elevation BAH=50°, to find AH=:83-9. (2.) In right- 
angled triangle ACH, right-angled at A, are given AH and 
AC, to find CHr=311-6. (3.) In right-angled trianglp 

Digitized byVjOOQlC 



164 SOLUTIONS OF PROBLEMS 

BCH, given BH and CH, to find angle of elevation BCH= 
17° 47' 45". 

Peob. 28 (Fig. 30). 
Let A and E be the observers, C the balloon ; then angle 
of elevation CAD=20°, horizontal angle NAD =46° (the 
bearing of C from A), and horizontal angle AED=11° 16' 
(the bearing of C from E). (1.) In horizontal triangle ADE 
are given the side AE=4000 yards, AED=11° 15', and 
DAE=180°— 45°, to find log. AD. (2.) In vertical right- 
angled triangle ADC are given log. AD and CAD =20°, to 
find CD, the height of balloon. 

Prob. 29 (Fig. 31). 
(1.) IntriangleBCD,givenDC=18feet,BCD=90°-40° 
=50°, and BDC=90°+37° 30'=127° 30', to find log. BC. 
(2.) In right-angled triangle ABC, given log. BC and ACB 
=40°, to find height AB and distance AC of steeple. 

Prob. 30 (Fig. 32). 
In triangle BBS, given BR= 54 feet, RBS=90°-4° 62' 
=85° 8', and angle BSR=4° 62'-4° 2', to find log. RS. 
(2.) In right-angled triangle SAR, given log. RS, and ASR 
=NRS=4° 2', to find AS the distance and height AR of 
hill, and hence AB, the height of top of building. 

Prob. 31 (Fig. 33). 
Let the perpendicular CD be the breadth of the river; 
then (1.) in triangle ABC are given AB=500 and all the 
angles, to find log. BC. (2.) In right-angled triangle DBC 
are given log. BC and angle B=79° 12', to find perpendicu- 
lar CD, the required breadth of river. 

^ ^, BC sin. A sin. A 
Or thus, -r-^= ■ 



'AB sin. C sin. (A+B) 
. • . BC=AB . sin. A cosec. (A-f B) . . (1) 
and DC=BC sin. B ; substituting the value of BC from (1), 
-we have DC=AB sin. A cosec. (A+B) sin. B. 
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Peob. 32 (Fig. 34). 

Let AB be the sloping base=340 feet, AD, BF, hori- 
zontal lines in the vertical plane ACD, and CD the height of 
hill required; then angle CBF= 46° 15', CAD=40nO',and 
EBF=EAD=10° 5'. 

. •. CBE=CBF-EBF=36° 10',andCAE=:CAD-EAD 
=30°5'.-.ACB=6°5'. 

(1.) In triangle ACB, given AB and all the angles, to 
find log. AC. 

(2.) In right-angled triangle ACD, given log. AC and 
CAD, to find CD=1221 3 adding height of eye 5 feet, the 
height of hill=1226 feet. 

Prob. 33 (Fig. 35). 
Angles observed with a Theodolite, p. 81. 

Let A be an object which we may suppose on the top of a 
hill, and B and C two stations on its sloping side. Conceive 
a horizontal plane to pass through the lowest station C, and 
let Aa B5 be perpendiculars on that plane, meeting it in a 
and b; join the points A, B, C in the oblique plane and the 
points a, &, C in the horizontal plane, and draw BD perpen- 
dicular to Aa ; then AaC, B6C will be right-angled triangles, 
right-angled at a and b, and BDab a parallelogram. 

There are given, BC the distance between the stations 
=220 yards, horizontal angle &Ca=62° '33' (subtended at 
C by A and B), horizontal angle C6a=70° 15' (subtended at 
B by A and C), and the vertical angles ACa, BC5, the ele- 
vations of the object A and the upper station B, to find the 
horizontal distances ba, Ca, and the heights Ao, AD of A 
above C and B. 

(1.) In right-angled triangle B6C, given BC=220 and 
BC&=8° 32' . •. perpendicular B&=32-6 and base C6=217-6. 
(2.) In horizontal triangle abCy given side C5=217*6, the 
angle a6C=70° 15' and aC6=62° 33', to find aft=2631 
and aC=279-l. (3.) In the right-angled triangle AaC, 
given the side aC=279-l and ACa=:32° 12^ to fijad 
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Aa=175-7. (4.) And since Da=B6=32-6 /. AD=Aa 
-B&=143-1. 

PROB. 34 (last Fig.). 
Angles observed with a Sextant^ p. 81. 
The same construction being made as in last problem ; 
(1.) In right-angled triangle BC&, given BC=220 yards 
and BC6=8° 32', to find B6=Da=32-6, and C5=217-6. 
(2.) In triangle ABC, given BC=220,andthe three angles, 
.•.log.AC=2-518244,andAB=299"6. (3.) In right-angled 
triangle ACa are given log. AO and angle ACa=32^ 12' 
. •. Aa=175-7, and Ca=279-1. (4.) In right-angled triangle 
ABD, AD=Aa-B5=176-7-32-6=1431, and AB=299-5 
.•.5a=BD=263-l. 

Prob. 35 (Fig. 36). 
(1.) In triangle CAD are given CD=549-4, C=57°, and 
CDA=14°.-.CAD=109° and AD=487-27. (2.) In tri- 
angle ABD are given AD=487'27 and the three angles; 
hence AB=349-52, and BD=498-7. 

Prob. 36 (Fig. 37). ' 
(1.) In triangle AFC are given CA=3000, C=80*' 10', 
and CPA=25° 8', to find FA=6969. (2.) In triangle 
ABF are given FA=6959, AB=2000, and included angle 
FAB=34° 10'; hence FB=5422, the distance of fort fixjm 
battery. 

Prob. 37 (Fig. 38) : see Ex. p. 91. 

Describe a circle passing through the three points A, B, 
D, and join AE, EB. Then (by Geometry) since angles in 
the same segment are equal, 

.-. EAB=EDB=16° 30', and EBA=ADE=12° 15'. 

(1.) In triangle AEB, the side AB=5'-35, and angle 
EAB=15° 30', and EBA=12° 15'. .-. AE=2-438. 

(2.) In triangle ABC, the three sides are given, to find 
CAB=35° 24', and CAE (=:CAB-.EAB)=:19^ ^*V^^..T^ 

^ ' Digitized by VjOOQIc 



IN gORVEYINO. 167 

(3.) In triangle CAE, tlie side AC=2-8, AE= 2-438, and 
angle CAE=19° 64'. . •. angle ACE=58^ 33'. 

(4.) In triangle ACD, the side AC=2-8, ADC=12° 15', 
and ACD=58° 33'. 

.-. AD=ll-26, CD=12-46, and CAD=109° 12'. 

Lastly. In triangle ABD, ADB=27° 45', BAD (=CAD 
-CAB)=73° 48', and AB=5-36. •.-. BD=ll-03. 

Prob. 38 (Fig. 39) : see Ex. p. 93. 

Describe a circle passing through, points A, B, D, as in 
last problem ; then angle ADC=128° 40' . •. ADE=51^ 20' ; 
join AE, EB; then EAB=EDB=91^ 20'-5r 20'=40^ 
and EBA=ADE=51° 20'. 

(1.) In triangle AEB, given side AB=267, angle EAB= 
40°, and BEA=88° 40', to find BE=171-6. 

(2.) In triangle ABC, the three sides are given to find 
ABC=92° 26'; hence the angle EBC=143° 46'. 

(3.) In triangle CBE are given two sides and included 
angle, to find BCD=16° 16' 30^; whence DBC=23° 43' 
30^ 

(4.) In triangle BDC are given BC and all the angles, to 
find BD=91 and DC =131, the two distances required. 

(5.) In triangle ADB are given AB=267, ABD =68° 42' 
30" (=ABC~DBC), and ADB=91° 20', to find AD=249, 
the third distance required. 

Peob. 39 (Fig. 40). 

Let A be the place of the ship when the headland C bears 
due north of her ; join AC, and draw AB at right angles to 
AC ; let B be the place of the ship when the headland bears 
north-west ; draw BN parallel to AN, to represent the direc- 
tion of the meridian, or north and south line ; then CEN 
(the bearing of C from B)=4 points, or 46°. . •. Z ABC= 
4 points, or 46°, and CAB is a right angle. 

In right-angled triangle BAC are given AB=10 and angle 
BCA=45° ; hence AC and BC may be found. 
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Prob. 40 (Fig. 41). 
In triangle ACB^ given angle C the conise of the shipss 
4 points or 45^^ the angle A=45^ (since £ bears south-east 
from A), and side CB=14'5, to find the sides AC and AB. 

Prob; 41 (Fig. 42). 
In triangle ACB, tUb bearing of B from A is east, and of 
C from Ais N.N.E. .-. angle CAB=6 points=67° 30'; also 
angle ABC =4 points, and side B0=10 ; hence AB, the dis- 
tance of boat from ship, can be found. 

Pkob. 42 (Fig. 43). 

In triangle ACB, the bearing of C from A is KE. b. K, 
and of B from A is E. b. I^. . ' . angle CAB (the difference 
between E. b. N. and N.K b. K)=4 points, or 45°. 

Again, the bearing of A fix>m B is W. b. S., and of C from 
B is W.N.W. .-. angle ABC==3 pomts, and side AB=15 
milefl! ; hence the other sides may be found. 

Prob. 43. 

In any triangle ABC, let AB=50 ; make the angle A=7 
points, and angle B=l point; then if B is due south of A, 
and C is to the westward of AB, the beaiing of C from A is 
W. b. S., and from B, N. b. W. 

In the triangle ABC are given the side AB and all the 
angles ; hence the sides AC and CB may be found. 

Prob. 44 (Fig. 44). 
(1.) In triangle CAB, given AB=23 miles, CAB=:10i 
points, and CBA=3J points .-. CB=53-01. (2.) In triangle 
ABH, given AB=23 miles, ABH=8 points, and HAB=4 
points .-. AHB=4 points, and BH=:AB=:23 miles. (3.) 
In triangle CBH, given CB, BH, and included angle CBH= 
4 J points, to find CH=42'33, the distance of cape from head- 
land ; and BCH=2 J points. Hence C bears from H 2^ points 
to the left, t. e. 2jt points left of W.H". W. or W.^S. 
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Pro?. 45. 

This problem is similar to the last, the position and bear- 
ing of the bodies only being' different. Make a figure to suit 
the case (roughly or by scale), by drawing from a point A 
the line AC W.N.W., the line AB KW., and AH due nortk 
Let AB=6, and through B draw BC W. b. S., and BH KE., 
and join CH. 

(1.) InCAB,findCB=4-13. (2.) InABH,findBH=6. 
(3.). Lastly, in triangle CBH are given two sides, and in- 
cluded angle CBH=13 points, to find CH=9-71 miles, and 
angle CHB=13° 40'. 

Hence C bears from B 13° 40' to the right, and there- 
fore bearing of.C from' H is S. (45^ + 13° 40') W., or 
S.58°40'W. 

Prob. 46 (Fig. 46). 
Let A and C represent the stations on deck, H the object 
on shore; then angle A=3 points (the bearing of H from C), 
and angle H=:2 points (the difference of bearings at the two 
stations). In the triangle, aU the angles are given, and also 
the side AC=100 ; hence the distance AH and CH may be 
found. 

Prob. 47 (Fig. 45). 
Let A be the required position of the ship; then in 
triangle ABC, the bearing of C from B is E.N.E., and A from 
B is due south, .'.the angle CBA= 10 points. We have 
.-. given, BC=960, AB=2000, and included angle ABC= 
10 points, to find the angle BAC=20° 32'; hence the bear- 
ing of church is K. 20"^ 32' E. 

Prob. 48 (Fig. 46). 
Let A be the required position of a ship ; then in triangle 
ACH, bearing of C from H is W-iS. and of A from H is S. 
b. E.JE. .-. angle CHA=9J points. Li triangle ACH we 
have given, the two sides CH=4'23, and AH=2*3, and in- 
cluded angle CHA, to fisid angle HAC=s4^ points; hence 
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the bearing of C is 4 J points to tlie left of H, that is, to the 
left of Kb. W4W., and the required bearing is . •. W.IT.W. 

Prob. 49 (Fig. 47). 
(1.) In horizontal triangle ADS, given AS=2640, SD= 
800, and angle ASD=:3 pomts=33° 45', to find AD=2024-2. 
(2.) In right-angled triangle ABD, AD=2024-2, and ADB 
=5^26', to find BA the height=192 yards. 

Prob. 50 (Fig. 48). 
In triangle ABC, the angle ACB (the difference of bear- 
ings of A and B from C) is 3 points, the bearing of A from 
B is due west, and of C from B is S.W.b.W. .•. angle 
ABC=3 points, and side AC=10 miles ; hence BC may be 
found. 

Prob. 51 (Fig. 49). 

From B, the highest part of muzzle, draw D6 parallel to 
axis AE of piece, then angle BDG=BCA, the angle re- 
quired. 

Through B draw a line perpendicular to axis, cutting 
DG in H, and AE in K; then in right-angled triangle BDH 
are given BD=77-25 inches, and BH (=BK— DE)=6-22 
—4-92 =1-3 inches, to find angle BDG=BCA, the angle re- 
quired. 

Prob. 52 (Fig. 50). 
(1.) In triangle AED . . . cot. •^^^=_5]5=i75 

.-. AED=74° 3' 15", and AEB=148° 6' 30' =angle of the 
tenaille. 

(^.) In triangle BAK are given AB=350, BK=100, and 
included angle ABK(=90°-74^ 3' 15")=15° 56' 45", to 
find AK=255-33c=AG, the line of defence. 

(3.) Since the angle of a regular pentagon= 108°= HAH, 
-1-2 BAH .-. iHAH,-f BAH=54°, or i HAH,=54°-15° 
66' 45"==38° 3' 15" . •. HAH,=76° 6' 30", the flanked angle. 
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(4.) To find curtain FG. In triangle AED, 
AE=\/AD2+DE2=n/1762 + 502=182; hence GE or EF 
=AG-AE=255-33~182=73-33. 

Then, in isosceles triangle GEF, are given two sides, GE 
and EF, and included angle GEF=148° 6' 30", to find side 
GF=Ul-02, the curtain. 

(5.) In triangle FEH are given EH=82, EF=78-33, and 
included angle HEF=31° 53' 30" (supplement of 148° 6' 30"), 
to find angle EHF= 63° ; hence its supplement AHF= 1 1 7° 0', 
the angle of the shoulder. 

(6.) In triangle FEH are given EH and all the angles 
to find FH==43-5, the length of flank. 

(7.) And flanked angle GFH=GFE+EFH=GFE+ 
(AHF-HEF)=15° 56' 45" + 85° & 30"=101° 3' 15". 

The problems f oUowiDg that are marked with the letter a cannot 
easily be solved without some knowledge of algebra and analytical 
trigonometry. 

Prob. 53 a. 
In fig. 21, suppose DB=6 x AB ; and angle ACB double 

AB AB 
of angle D. (1.) In triangle ADB . . . tan. I^=f)^~6~AB~^ 

.-. D=9° 28', and angle ACB=18° 56'. (2.) In ACB . . . 

CB 

~g=cot. ACB .-. CB=AB . cot. ACB. 

To find the numerical value of cot. ACB, or, as it is called, 
the natural cot. ACB, 
log. nat. cot. ACB=log. tab. cot. ACB— 10 . . . (p. 25) 
=10-464672 -10=464672 
. • . nat. cot. ACB=2-9 and CB=2-9 times the height AB. 



Prob. 54 a (Fig. 51). 
Let AC represent the part standing the first time, AE 
the part standing the second, DC the part broken the first 
time, and EF the part broken the second. Then AD =20, 
AF=30, and EC=5. 
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Let AE=a:, CD=2/; then AC=a;+6 and Er=y+5, 
and a;+2/ + 5=heiglit of maypole required. 

In FAE and ACD, x^ + 30^=^(y+5)^ (1), and {x+6)^+ 
202=^2 (2). By (1) x^+900=y"'+10y+25. By (2) a^+ 
10a; + 425=y2. Subtracting (1) from (2) wo get a:+y=^5 
.'. a;+?/+6=50, the height. 

Prob. 55 a (Fig. 52). 

Let BD the horizontal distance of A from B=a;, and CD 
the horizontal distance of A from C=2/, AD the height of 
the hill=<8r. 

Let elevation of A at B==a=20°, and horizontal angle 
BCD (the bearing of A from C)=/3=67° 30', and 0=ACD, 
the elevation of A from C required. 

In right-angled triangle BCD, a:=y sin. /? (1). In vertical 
triangle ADB, z=x tan. a (2). In vertical triangle ADC, 
2=^ tan. d (3) .•. 2/ tan. 0=x tan. a=y sin. p . tan. a 
.-.tan. ^=sin. jS.tan. a, and ^=18° 36'. 

Prob. 66 a (Fig. 53). 

(1.) In the triangle ABC, given the three sides, to find on© 
of the angles at the base, as B ; and thence in the right-angled 
triangle ADB, the perpendicular AD is easily found. 
Or thus : 

Let AD=a; ; and BD=y ; a,hy c the three sides of tri- 
angle ; then a=40, &=30, and c=20. In right-angled tri- 
angle ABD, a^-\-'if^=zd^ (1). In right-angled triangle ADC, 
a;«+(a— y)«=&2 (2). Subtractmg (1) from (2), {a-^yf-^y^ 
=&«— c2.-. 2/=13-75, and a;=N/c2^=U-523, the per- 
pendicular required. 

Prob. 57 (Fig. 54). 

(1.) In ABC are given all the angles and side AB, to 
find AC. 

(2.) In ADC are given all the angles and side AC, to 
find DC. 
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Or thus : 
Let DAC=a=23° 50' 15"; CAB=/3=93° 4' 20"; 
ABC=7=54° 28' 30"; side AB=a=416; AC=a;; and 
DG=y. 

(1.) InABC,-=: ^^\l^ == ^ ^^;I_ . . (2.) In ADC, 
^ ^ 'a sin. ACB sm. (p + y) ^ ^ ' 

y=ix tan. a .•. y=a sin. 7 cosec. (yS+y) tan. a=278'7. 



Prob. 58 (Fig. 52). ^ 

Let dist. BD of first station=a;; dist. CD of second 
station=2^; height AD of tower=:2; ABD=a=23° 18', 
ACD=i8=21° 16', and side BC=300. In ABD, z^x tan. a ; 

05 tan Q 

in ACD, z=y tan. A .*. « tan. a=y tan. B and -=r— ^ — ; 

^ ^ r-* y tan. a 

05 tan Q 

and in BCD, -=cos. BDC, .-. cos. BDC=. — ^=tan. /5. 
' y ' tan. a '^ 

cot. a, and .-. BDC=25° 20' 45". Then in BDC, BD=. 

BC cot. BDC=633-4, and AD=BD tan. a=272-7. 



Prob. 59. 

In fig. 20, let AC represent the pole, inclined at an angle 
A=80°, B the place of spectator; then AB=100 feet, and 
angle B=54°. In ABC are given side AB and all the angles, 
to find AC, the length of pole. 



Prob. 60 a (Fig. 55). 

Let AE (height of man)=a=6 ; AB (height of column) 
=:a+&=200; BC (height of statue) =c= 50. Let^=ADE 
or BDC, the angle subtended at D, the place of spectator, by 
a or c. , Let a;=BDE, and y= AD, the width of river required. 

In triangles AED, ABD, and ACD, we have -=tan. 0, 
^— =tan. (0+a:); ^"*" "^^ =tan. (2^+a;)=tan. (f^x+e) 
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a+b a 
_ tan. (0+a;) + tan. __ y y ___ (2a + &) y 
"1— tan. (0+ic).tan0""-_a+& a y^—(a+h)a 

y 'y 

.*. s — =-9 — 7 — 7T\ — substituting the values 01 a, 0, c, 

we haye y=82-6 feet, the width of river. 

Prob. 61 a (Fig. to Prob. 19). 

Let AB=a;, AC=2/, AD=z. 

In CAB, 3^ : ic : : sin.ABC : sin. ACB 
... a; sin. ABC ^^ ^^^ ^^^ ^ ^^^^^^ ACB=-8465a? (see 

^ sm. AOB 
Ex. p. 33). 

In ABD, : a; : : sin. ABD : sin. ADB 

. • . 2=a; sin. ABD cosec. ADB=M852j?. 

In CAD, let CD=a=6594, let &=1-1852 and c= 

•8465 ; then 2=60;, and y=ca;, and angle CAD=55° 46'=A, 

are given, to find x or AB. 

^ ^^^ N/42/2hav.A . ^ ^ N/4yghav.A ^ 
In ACD, a= ;^^ ^ where tan. ^= ^3^ 

(Trig. Part 11.); substituting the valu es ex and I x for y and ^, 

X ^ N/4cic&a;hav.A *^4fechav. A , ^ 

we have tan. 6= ^,^^ ,^ = j^^- ^^^^^^ ^ 

, ^ ^ , N/4ca;&a;hav.A . ^ «"^' ^ 

may be found; and a= -^^-^ • "^^^s/hc hav. A 

whence x or AB is found. 

This useful problem may be solved without haversines 
z+y tan. ^ (ACD + ADC) . . 
thus : In triangle ACD ^z:^=tan. ^(ACD-ADC) ^^ ^"^^ ' 

Ix+cx &+C tan.i(ACD+ADC) ^ ^, , 

pZjr=-Z-.=fc ?;AriT^ AT^n\ whence the angles 

' hx—cx 6— 6 \^tan.^(ACD— ADC) 

may be found, and thence the distance x, or AB=4694 

yards. 

\ 



\ 
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Prob. 62 (Fig. 66). 

Let height of tower, BC=a?; llagstaflF, CD=4=a; dis- 
tance of observer, AB=100=5; DAC=48' 20"=a, and 
BAC=^, the angle subtended by tower at A. 

In BAC, |=tan. d. In BAD, ^y^=tan. (e+a)= 

tan. ^+taiLa rr+Jtan. a_ ,..,.. ^ 

1 — I 277 =1 1 by substitution. By solvinir 

1— tan. Q tan. a o—x tan. a "^ ^ ^ 

- , . x+a a? +6 tan. a 

the quadratic equation '~ir-^=^T~ — ta — ^^ have, 

H 7 '- — from which x may be found. 

tan. a -^ 

The calculation of tan. a is as follows : 

log. tan. a=tab. log. tan. a— 10 (p. 26). 

=8-148001 -10=2-U8001 .-. tan. a=i-01406. 

Substituting this value of tan. a and of a and h in the 

above equation, 

/ 400-10000 X -01406 ,^00^ .^, .^ 
a:=-2+ ^4+ :^^^^ =133-8 yds=401-4ft. 

(See also the logarithmic calculation of Prob. 80, which 
is similar to the above.) 

Or thus, by circular measure : 

In problems of this kind, where one of the angles con- 
cerned is small (only a few minutes), the circular measure of 
the angle may be sometimes used with advantage (see Trig. 
Part II. p. 107), thus : Let CD (height of flagstajff)=a=4; 
AB (distance of spectator) =5= 100; BC (height of tower) =^, 
and angle DAG=d. 

With center A and distance AC describe the arc CE, cut- 
ting AD in E ; then triangle ECD, being small, may be con- 
sidered as a plane triangle, nght-angled at E, and equiangular 
to the triangle BAC. !Now circular measure of angle 
^^^ arc 48' 20" EC ,^ ,„ 
^^C=Sd:=57^^295r7=AC ^^^ ^^^ P' ^^^) 

but EC=a cos. ECD=a cos. BAC, and AC=J sec. BAC 
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EC a COS. BAG a ^ _ ,^ 4 , ^ , ^ 

2 T> A p,_ 100 X 48^ 20^^ _ 25 x 0°'80555 _ 25 x 80555 
.-. COS. ■*^-^'^-4x57°-29577'~ 57°-29677 "" 5729577 
whence BAO=53° 38' 30", and a;=100xtan. BAC=407-6. 



Pros. 63. 
Since the area of a parallelogram is equal to the product 
of its base by its altitude* and the area of triangle=J area 
of a parallelogram with same base and altitude, . •. area tri- 
angles= J base x alt.=| x 40 x 30=600=66f square yards. 

* Proof that area AD=: AH B 

AB.AC. 

(1.) Let each of the Bides 

AB, AC of the rectangular 

parallelogram AD contain 

AH or AE, the linear unit, 

an exact number of times ; 

that is, let AB and AG be 

commensurable with AH. 

D 

Let the linear unit AH or A'E=x, and the square AQ=superficiaI 
unit. 

Let AB contain a linear unitB=aaT 
AC ...&... . =hw 

Then it may be shewn that the area or number of superficial units 
in AD=a&, or area AD=a& times AG. 

For(Kucl.TI.l)^=g=^=. 

AD_AC_J«_- 

AF AE a? "■ 

AD 
.•. multiplying — =«J 

or Ai>=zab times AG. 
(2.) If the sides AB, AC be ineommengurdbls with AH, another 
unit may be found which is commensurable with certain lines that 
approach as near as we please to AB a^ AC, and therefore the pro- 
duct of the units in such lines will represent the area of a rectangle 
differing from the area AD hy less than any assignable quantity ; 
that is, we may in this case also express the area of AD by the pro- 
duct of the number of units in AB and AC. 
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. Pbob. 64 a. 
Let a;=ba8e of triangle cut oflf, y=perpendiciilar ; then by 
note to last problem ajy=4r8; and ic : y : : 12 : 16 . •. 4:X=:dy 
.•. ic=6 and y=8 and hypotbenuse= n/8«+ 62=10. 

Prob. 65 a. 
Let a;=side of equilateral triangle ABC. Then (Trig. 
Part IL p. 49) area= ^TT^Z!^ ^ —^^ ^ ~^ where «= 

-, , . 3a; . _ /3a? x x x 

|(a+6+c) =— smcea=6=c=ar .•: area= /-^ " 2 * 2 * 2~ 

^ . a^, or 180=^a;« . •. «=20-389. 

Prob. 66 a, 

Jjn any triangle ABC (fig. 20), given base AB and angles 

A and B, to find area. (1.) Find one of the sides AC, and 

then, by Formula L Trig. Part IL p. 49, the area. Or thus : 

AC sin. B sin. B 
In triangle ABC, ^=>r-^= . j.^^. .'. AC=AB . 
° AB sin. C sin. (A+B) 

sin. B cosec. (A+B). Now area=^ . AB . AC . sin. A= 

jAB« . sin. A sin. B cosec. (A+B)=33680. 

Prob. 67 a (Fig. 20). 
In triangle ABC, let a=6, 6=3, and a:=third side ; then 
area2=«. «— a.«— 6.«— a?=36, where «=J(a+&+a;)= 

J(8+aj) (Trig. Part IL p. 49) . • . 36=(^) . (^-s) . 

third side) =4 or n/52 by solving quadratic. 

Prob. 68 a (Fig. 57). 
By the question, 2.AEF=AB0. Let AD, alt. of tri- 
angle=a=10, base BC=a;, £F=y, the base of triangle AEF, 
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vz ax 
and2=itsali; then area AEr= J ABC •••|-=i- y •*• V^^" 

\qx (1). But by siinilar triangles -=- .-. y= — . Sabstitnt- 

XI. 1 * . /tx ^^ ^^ fl 10 ^ -„, 

ing the value of y in (1), —=-2" •'' ^=72'^72'^ ' 

whence distance from base^ 10— 7*071 =2*929. 



Pbob. 69 a. 
Let fl;s=:the less side, and y =the greater side of rectangle ; 
then 2a;=greater side of triangle, and y its hjpothenuse 
.•. >/y*— 4a^=third side of triangle; also 2a;=side of square 
whose area equals that of the two allotments .*. 4a;^=a;y+ 
xs/y^^4a^ • . . (1). Length of paling for rectangle and tri- 
angle=2 («+ y) + 2a;+y + >/i/«— 4a^,and length of paling for 
square=8a? .-. 8a;+55=2(dr+y) + 2;c+y+>/p^^^4^ . .(2). 

From equation (1) y=— which substituted in (2) gives x=ll 
.•.y=27*6; hence area rectangle=a:y= 302 '5, and area tri- 
angle =aj >/^2^^^^4^= 1 8 1 -5. 



Prob. 70 a. 
Let a?+y, », and x—y represent the three sides of the 
right-angled triangle; then (a;-|-y)^=a?-+(»— y)* and 
^(rc— ^)a;=216. From these equations the values of 2; and y 
are found, and thence the sides of triangle. 

Prob. 71 a. 
Let side of equilateral triangle=x .•. area=|a;2 sin. 60= 

a* 
It? . J>/3 (Trig. Part 11. p. 49) = t->/3 . •. expense of paving 

a? 
=8. -j»y3^2x^»yB, and expense of palisading three sides= 

84x3a?=252a: .•. 2ajV3=252a:, and fl:=72-74. 
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Pbob. 72 a. 
Let AB, one side of a regular polygon (as fig. p. 110, 

iPart n.), =a, number of 8ides=n . •. angle AOB=- . 360^ 

n 

and AOK=- . 180®. Area polygon=/i x area triangle AOB 

=2 nx area triangle A0K=2». JAK. KO=».AK.KO; 

180° 
but KO=AK cot. AOK=AK . cot. .-. area polygon= 

Airo ^ 180° na^ ^ 180° . ,^ a 

n . AK.« . cot. =-7- cot since AK=7: 

n 4 n 2 

Ex. If n=8 and a=5l6 yards . •. area=612 cot. 22° 30'= 

1236-1 yards. 

Pros. 73 a. 

T 1 * VI A ««^ 'x 1S0° 

In last problem, area A=— r- cot. 

4 » 

4A 4A ^ 180° 

. tan. 



' , 180""" WW 
n cot. 

... side a= /l^.tau.l^°= /iiiiHHl . tan. 22° 30'= 

Y » » Y 8 

16 in Ex. 1. 

Prob. 74 a (Eig. 68). 

The area of triangle ABC=^ . AB . AC . sin. BAG (Part 

II. p. 49)=|» . AD . AC . sin. BAG (1) ; since n . AD=AB. 

X ^. 1 A-nT^ AE sin.ADE sin. BAG 

In triangle AED, 7rr:= ■= — ri7TT=~^ — st7=i 

® * AD sin. AED sm. BAG 

.-. AE sin. GAG = AD sin. BAG. 

Substituting this value of AD sin. BAG in (1), we have 

area ABG= JnAG . AE sin. GAG ; but AC . AE=Ar2, since 

AF is a mean proportional to AG and AE. 

.-. Area ABC=JnAE2. sin. GAG 

=n . area triangle AFH=area polygon. 
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180 SOLUTIONS OP PROBLEMS 

Prob. 75 (¥ig. 60). 

Let CB represent length of sliip= 1 60, A place of observer ; 
then CAB=20' IS''; also the angles SBC, SCE are nearly 
equal to each other, since the side CB (subtended by an 
angle of a few minutes) is small compared with AB or AC. 

.*. either of the angles SBC or SCE maybe considered to 

be the course=22° 30' (Nav. Part I. p. 2). 

T X . 1 A T^r. AB sin. C sin. 22° 30' 

In triangle ABC, T7ri=-^ — t^-- — oA/ -i K>r 

° ' BC sin. A sin. 20' 15^ 

.-. AB=BC. sin. 22° 30' cosec. 20' 15"=10247 feet=l-94 

miles. 

Otherwise (by circular measure). 

Problems involving small angles may sometimes be solved 
more simply, by employing the circular measure of the angle 
(Trig. Part IL p. 110). 

Let AD=AB, join DB, then (the angle A being smaU) 
each of the angles ABD, ADB is nearly equal to a right angle ; 
and DB may be considered as the arc subtending the angle A. 
XT • 1 i. , A « arc I>B 20' 15" 

^ow CKCular measure of angle A=0=^=^=g^o:29577 

.-. AB=DB ; - ^Qfiy, but DB=BO . sin. BCD (consider. 

ing CDB as a right-angled triangle) =160 . sin. 22° 30'. 
,^ leO.sin. 22° 30' X 57-29577 X 60x60 . , . 

-•• ^^= 1215x1760x3 ^y ''^"^"^^ 

to seconds, and dividing by 1760 x 3 to obtain distance in 
miles)=r94 miles. 

Prob. 76 a (Fig. 61). 
Let AB represent the meridian, angle A=a;% angle B= 
a;°+10®; then C is the point where the ships meet, and the 
perpendicular CD =100 miles (the distance from the meridian 
AB). The sides AC and BC are to each other as 3 : 2. Let 
AC=3y .-. BC=22^. 
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or, 5=^52i^+l) ...tan. (a;+5)=5tan. 5 .•.a;=18°37'45" 

and difference of lat. AB=AD+DB=OD cot^ic+CD cofe. 
(a;°+10°)=479-8. 

Prob. 77 a (Fig. 62). 
Let AB represent the lieiglit=2 yards, AA' the diameter 
of the earth ; draw the tangent BD ; then BD will be the 
distance seen by spectator (neglecting the effects of refraction, 
&c.). By Geometry, BD2=:BA . BA'=2 x 14080000 (if we 
suppose diameter=8000 niiles= 14080000 yards) 
.•.BD=5307 yards. 



Prob. 78 a (Fig. to Prob. 77). 

Let BH be drawn perpendicular to BA, the height of 
mountain ; then HBD (the angle* of depression of D, a point 
in the horizon) = 9 0°—CBD=DCB, since angle D=90° 

.-. DCB=2° 13' 27". Let a=BA=3 miles ; a;=CA or 

CD, the radius of the earth : then sec. C=7=t-= =l-\ — 

' ' CD X X 

2 sin.2^ 
a ^ - 1 , 1 — cos. C 2 

.'. -=sec. O — 1=: jp^— 1 = ?r-= rr 

X cos. C cos. C COS. C 

Q 

.•, 2 ir=a COS. C cosec.^^ .-. 2 a:, or diameter=7952 miles. 



Prob. 79 a (Fig. to Prob. 77), 
Let DC or AC, the radius of the earth=a=4000 miles ; 

__ on "4" CL 

BA, height of mountain=a?. Then =sec. C=sec. 1° 31'; 

Of 

2 sin.22 

X r\ t 1— COS. C 2 

or, -=sec. C— 1 = tt-^ ts— 

' a cos. (J COS. C 



n 

a:=2 a sin.V cos. C=1'402 miles. 
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Prob. 80 a (Fig. 63). 
First solution (geometrically). 
Upon the line AB=400 yards, the distance between the 
objects A and B, describe a segment of a circle containing an 
angle equal to the given angle (35° 10') (Euclid III. 33), and 
measure a perpendicular distance CD =5 60 yards, the width 
of the river ; through D draw EDF parallel to base AB, cut- 
ting the circle in E and F; then either of the points E, F 
will correspond to the station on the other side of the river ; 
and the lines EA, EB, or FA, FB, measured on the same 
scale as AB, will be the required distances. 

Second solution (trigonometrically). 

(1.) In right-angled triangle AGO (G being the center of 
the circle), given AC=200, and angle AGG=AEB=35° 10', 
to find radius AG=347-75, and GC=283-87, and angle 
CAG=54° 50'. 

(2.) .-. GD=CD-GC=560-283-87=276-13. 

(3.) In right-angled triangle EDG are given GD=276-13, 
radius EG=347-75, to find angle EGD=:37° 19' 30". 

(4.) Then the angle AGE=180°-(AGC+EGD)=180° 
-(35° 10' + 37° 19' 30")=107° 30' 30". 

(5.) Draw GH perpendicular to AE. We have now given 
AG and angle AGH=53° 45' 15" in right-angled triangle 
AGH, to find AH= JAE, whence AE=560-1. 

(6.) To find the other side, EB, there are given AE and 
AB, and included angle EAB=CAG+GAB[=54° 50'-}- 
36° 14' 45"=91° 4' 45", to find EB==694-37. 

Third solution (analytically). 

By the geometrical construction of the fig. (see first solu- 
tion) we fibid that the two o)bjects are on the same side of the 
station. Let A be the nearest object to station, B the more 
distant. , 

AB (distance of objects) =a =400; produce BA to K, 
meeting perpendicular from station E, and let AK=a;, AE=y, 
BE=2, angle AEK=^, angle AEB between objects=a= 
35° 10', and perpendicular E!K=&=560. 
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In triangle AEK, 7-=tan. 

a4-x . . tan. a+tan. 

In triangle BEK, 2±-=tan. (e+„)=j_^^^^L__ 

b tan. a+b tan. 6 

1— tan. a tan. 

b tan, a+x b^ tan, a + i^a? 

" , 0? 6— a? tan. a 

1 — tan. aT 

whence (by substituting the above value of tan. 6) 

^ ab — 6^ tan. a 

x^+ax= — 7 

tan. a 

, , . , ,. a f ( a^ , ab--b^ tan. a \ 

and solving quadratic, x=^^± ^ { -+_j_— _ | 

To find numerical value of this expression : 

First find &« tan. a. 

log. b 2-748188 log. 3053 3-484727 

log. J 2-748188 log. cot. a .0-152087 

tan. a 9-847913 3636814 

5-344289 a&-6gtan.a _ 

.-. 62 tan. a=220947 '*• tan. a ~ *^^^ 

anda6=224000 a« ,^^^^ 

... ab-V^ tan. «=3053 T^^" 

.-. ^V '^^-^'*^ ' =44333 
4 tan* a 

^d >/44333=:210-6 .-. a;=-.200±210-5=10-5 (using the 
upper sign ; the lower sign giving a corresponding point to 
the right of B). With this value of x we find AE=560-1, 
and E£=:694-3. 



Pros. 81 a (Fig. 64). 

Let AB represent the tower, CD the road, the place of 

«pectator; then angle ACB=20° (the elevation of tower at 

C), and ACD=30° (the angle between line joining the top 

4md road CD). Let BD be the nearest distance of tower from 
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road (=200 feet) ; then plane of triangle ABD is perpendicular 

to road, and therefore ADC is a right angle. 

In triangle ABC, AB=AC sin. ACB=AC sin. 20^ 

In triangle ADC, AD=AC sin. ACD=AO sin. 30° 

AB sin. 20° ^ ,AB . .__ 
.•.-n-v=-: — o7^ but -r7T=sm. ADB 
AD sm. 30° AD 

.-.sin. ADB=??^4S or ADB=43° 9' 15" 
sm. 30° 

then in triangle ABD, AB=DB tan. ADB 

=200 . tan. 43° 9' 15"=187-5 feet. 

Or thus (by Spherical Trigonometry). 
The angle at C is a solid angle, formed by the vertical angle 
ACB, the oblique angle ACD, and horizontal angle BCD 
which call d; let ACB=a, ACD=i8. Tofindthe horizontal 
angle we may consider the point C the center of a sphere, 
and the three angles, a, /3, 0, may then be represented by the 
three sides of a right-angled spherical triangle (Part II. p. 60), 
of which a and contain the right angle, and (i is the 
hypothenuse. 

By Eule XIIL Part L, cos. /3=cos. a cos. 0; 
whence cos. 6= cos. fi sec. a, 
=cos. 30° sec. 20°=22° 50' 15"; 
then in right-angled triangle BDC are given BD and an^le 
BCD, to find CB, which with the angle ACB will give AB, 
the height of tower. 

Prob. 82 a. 
Let 7x and 4a: represent the sides, and included angle = 
129° 34' ; let and (p denote the other two angles. 
.•.0+p=18O°-129° 34'=50° 26'. 

11 tan. 25° 13' ,, ,3 „,„, 

*" T = tan. i{e-<p) ••• ^' K^-P)=n ^ 25° 13' 
which determines 6— p; and therefore with 9+(p already 
known, the angles 6 and <p may be found. 
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Prob. 83 a. 
First solution. 

Let Of 20, 3d denote the angles ; x^y^z the sides opposite 
to them respectively ; 

thenaj+y+2=6 (1) 

6+20+36=180° .-. 6=30° 
T^T X sin. 6 sin. 30° - ^ ,^. 

z sm. 36 sin. 90° ^ ^ ^ 

x_ sin. 6 _ sin. 30° _ \ 1 

^ 2/"" sin. 26"'sin. 60°~i>/3"'V3 

.-. a?>/3=y (3) 

Substituting in (1) the values of tj and z in (3) and (2), 
we have 

a?+a!V3 + 2a;=6, or aj=s^— ^=3— >/3=l-268 

•whence 2;=2ic=2-536, and 2^=a;>/ 3=2-196 

Second Solution. 

This problem, and problems 84, 85, and 96, in which are 
given (or may be found) the perimeter and all the angles, can 
be solved in the following manner. 

Let ABC be the triangle (fig. 20). 

To find side a. By (C), (D), Part. II. p. 49, 
he sin.2^=i(a+&— c) . \{a-h+c) 

ac cos.2-=J(a+c + 6) . \{a-\-c-h) 

a6 co8.2-=i(a + 5 + c)'. J(«+^ -^) 
oB C 

a^O C COS-^n- C0S.*T7 1 / . r , \<» 1 / , r\ 1 / i v 

. 2 2 _ j:(a+&+c)g.^(a+c— 5).^(g + ft~-c) 

ABC 
.-. a-ss^y^a-^hJf^ . sin. „ ^^* o '^®®' 2~^'^^^* 
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Prob. 84 a. 

Let &,2e, id denote the angles ; a;, y, 2 the sides opposite 

to them respectively; then a;+y+2J=100...(l) 

^+2 0+4 0=180° .-. 6>=25° 42' 5r. 

z sin. 46 2 sin. 26. COS. 2^ 

^ow -=-; — T-2;= ^ — o-^ =2 COS. 2^=1-247 

3^ sm. 2 6 sm. 2 

, ^ , ^ 2/ sin. 2 2 sin. 6 . cos. , ,q^^ 

.-. 2=l'247v. -==-^ — TT— ■ — a =2 cos. e=l-802 

^ ic sm. 6 sm. 

.-. ^=y:|^7 Substituting in (1) we have j-|^ +3^ + l*247y= 

100 .-. y=35-69 .-. a;=19-8, and 2=44-51. 
Otherwise, see Prob. 83, second solution. 

Prob. 85 a. 

Let X, y, z denote the base, perpendicular, and hypothe- 
nuse respectively; thena;+yH-2J=24, a;=2;cos. 30°=|>/3.2;, 
y^z sin. 3O°=i0 .'. (1^3 + ^ + 1)^=24, and 2=10-144 
.-. a;=8'784, and 2/=5-072. 

Otherwise, see Prob. 83, second solution. 

Prob. 86 a (Fig. 20). 
Let the two sides AC and AB be denoted by a; and ?/; 
then a;+y=600, a=400, and A=80°, are given to solve the 

triangle. By (D) Part IL p. 49, we have xy .^osi.^^= 

^(x+y + a).^{x+y--a) .'. xy .cos,^ 40^=^600 + 400). 

^(600 -400) =500 . 100 .-. a;3^=50000 . sec.2 40°=85204. 

Hence, knowing the values ofx-\-y and xy^ the sides x and y 

may be found. 

Prob. 87 a. 

By (C) Part IL p. 49, be sia.^-^=^{a+b-c) . ^(a-b + c) 

wherea + 5=600,c=400,andA=60° .-.sin.^^ =s"i-^ 30°=J 

.-. 400 . i . &=H200) J(a-& + 400) . •. 400&=200(a-&) + 
80000 .-. 2&=a-& + 400,or3&— 400=a=600— J .\U= 
1000 .-. &=250, whence a=350. 
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Prob. 88 a. 
Lei hypothenuse and perpendicular be denoted by x and 
?/; then a;+y + 8=:24, and a;"=2/2 + 64 .-. ar=10 and^=6. 

Prob. 89 (Pig. 21). 

Let AB represent the steeple, C the first station, D the 
second station; then CB=80, and DB=250. Let angle 
ACB=2a, then angle D=a .'. angle DAC=a, and AC = 
DC=170. 



.-. AB=>/AC2— CB'«=>/1702-«0«=150. 

Prob. 90 a. 

Let AB, AC, the sides of a triangle ABC, be denoted by 
X and y, then we have given angle A, side a, and a:+y=5, 
to solve the triangle. By (D) Part II. p. 49, 

xy cos.2-2=J(a?+^+a) . J(a;+y-a)=:i(&+a).(&— a) 

. •. xy=^\{h-\-a) . (6— a) . sec.s^. From this equation, and 
x-\-y^=h, the values of x and y may be found. 

Prob. 91 a. 

Let AB, AC, the sides of a triangle ABC, be denoted by 
X and y ; then we have given the angle A, side a, and a;— y 
=cf, to solve the triangle. 

By (C) Part 11. p. 49, 

A. 
.*. xy^=^\{a-\-d) . (a— cf) . cosec.^ - 

From this equation, and x—yT=d, the values of x and y 
may be found. 

Prob. 92 a. 
Let A denote the angle opposite base a, X and^ the t 
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angles at the base, and x and y the sides opposite to X and 

sin. X a? 
Y. Then x+y^h^ and X-Y=d Now r^— -*=-> and 

sin. Y_y ... sin. X+sin. Y_^-|-y__& 
sin. A""a^ ^' sin. A "" a ^a 

sin. X+sin. Y _h 2 sin. ^(X+ Y) cos. i(X-Y) _5 
^ sin.(X+Y) ""a°'2sin.J(X+Y)cos.i(X+Y)~a 

COS. id b 1 /v . ^x « 1 -, 

. •. cos.^(X+Y) =a . •• co«- i (X+T)=^ cos. K 

whence X+Y may be found, and .".with X— Y=e?, the 
values of X and Y. 

Pros. 93 a. 
Let a be the base, and x and y the other sides of the 
tiiangle ; X, Y the angles opposite to x and y lespectively, 
and A the angle opposite a. 

Then x-y=d, and X— Y=D. 
sin. X X _ sin. Y y , . ,. sin. X— sin. Y 

iirA=a' "^^ ^n=a ' «°l>t««t>"«. Bin. A 

x—y^_d . 2cos4(X+Y) Bin4(X-Y) _d 
a ~a •'• sin. (X+Y) ~a' 

2co8.KX+Y)sin.^(X-Y) d . 

°' 2 sin. i(X+Y) COS. i(X + Y)-a ' " *™- *^-^^ ^^ 

s=^. sin. J(X— Y)=-jSin. JD, and since X— Y is also 

known, the sides and angles may be found. 

Prob. 94 a. 
Let ABC (fig. 20) be any triangle ; then angle A, side ^, 
and the difference (a—c^d) between a and c are given, to 

2 
=^(a+6— c) . J(a— 6+c) and he . cos.2^=^(6+c+a) . 

1 (5+c-a) .-. tan.V=/ A; . \ /i.; (• Similarly, 

2 (6+c+a) . (^+c-«), r onolp 
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C h + C'-a ^ A 5— (a—c) ^ A h—d ^ . . 
2 a + 6— c 2 b+(a—c) 2 ^ + c^ ^ 

Prob. 95 a. 
Let ABC (fig. 20) be any triangle ; then angle A, side by 
and the dnm (a+c=m) of a and c are given, to solve the 

triangle. As in last problem, tan.2^=|g^=^^|±^j, 

. „C {c+b-a).(e+a—b) . A , C a+c—b 
*^2=(6+a+c).(6+a-c)-'-**°-2-**°- 2=^+6+^ 

m— 6 . C m— & .A 
=^H^-*-*^-2=^H^-^^% 

Prob. 96 a. 
See Problem 83, second solution. 

Prob. 97 a. 

In fig. 21, produce BCD to a point E,^and join AE. 
Let AB represent the object, and C, D, E the three sta- 
tions. 

DC=a, ED=&, the angle ACB=:2«, ADC=90°— d, and 
AED=d. 

The triangle AEC is manifestly isosceles, since angle 

ACB=AEC+EAC, or 2^=^+EAC, .-. EAC=d, or AC= 

EC=a+&. 

_ .^^ AE sin. 2d ,^ , ^, sin. 2d 

In AEC, ——T=—. — -- .-. AE=(a+W ' —• — t- 
' a+b Bin. e \ ^ / Qjj^s 

T ._^ AE sin. (90°— d) cos. d ^^ b coa. & 

In AED, -j-=^ /QAo .J \= ^ ••• AE= ^ 

' b sm. (90^— 2d) COS. 2d cos. 2d 

b COS. d (a+b). an. 2d _. b 

• *• o7=^ ■ — :;; or cos. 2d=<.-7 — — rr. In ACB, 

COS. 2d sin. d 2 (a+b) ' 
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CB=(a+&) COS. 2dr. CB=J h; hence AB2=:AC2-CB2= 
(a + &)2__(j5)2 .., height AB=>/(a + &+i6) . {a + b-^b)= 



K a=&=20, then the height= >/50 x 30=38-73. 

Prob. 98 a (Fig. 38). 

Let the angles BDC, ADC be denoted by a and /3 re- 
spectively, and the sides of the triangle ABC by a, b, c, in the 
usual manner. Let angle CAD=a;, and CBD=:y ; then in 
triangles BDC and ADC, we have 

a sin. .V__ppw_^ sin. x sin. a?__a sin. jS 

sin. a "~ sin. /S ' * sin. y b sin. a 

sin. ic+sin. y a sin. p+b sin. a 

sin. «— sin. y a sin. ^— J sin. a . 

(Part IL p. 33) tan.|(a.+y )^ ariB.^+5 8i n^a 
^ ^ ' tan. i(ic— 2/) ^ sin. j8— 6 sm. a 

& sin. a 



1 . 1 / X « sin. /3 . , , , 

whence tan. i(a;-?/)= ^ ^^ ^ . tan. J (ic+2/) 

a sin. /3 

and «+^, the sum of the angles, is known, since it is=360° 
— C^a — /3, and by the equation x^y is given, hence the 
angles x and y may be found. 

Applying this expression to an example, suppose that 
a=54° 13' 45'', ^=33° 52', C=77° 42' 24", and that log. a 
=4-170262, log. £=4-021189. 

First find the value of ^^' 1 which is 1*0329, 
a sm. /3' ' 

—0-0329 
then tan. K«-2/)=-^:o329 * *^' "^(^+3^) 

+ —329 ■" 

or tan. ^(^c- 2/) =20329^"- ^^° ^' ^^" 

(placing the proper sign over tan. 97° 5' 55", and "ftus detisr- 
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mining the sign of tan. J (x-^-y), (see Eule, Trig. Part I. 
p. 30). 

whence i(x-i/)= 7° 24' 24" 
and ^(x+y)=z 97 5 5 5 
.-. x= 104 30 19" 
y= 89 41 31 

All the angles of the triangles ACD and CDB being now 
known, it will be easy to calculate the distances AD, CD, 
BD. If we perform the operation, we shall find AD= 
12516, CD=18241, and AD=10742-5. 

Otherwise : 
This problem is more easily solved by using a subsidiary 

angle, thus : assume tan. 6= .' ^ ... (1) 

d sin* p 

then tan. i(x-y)= ^'^^^^' ^ .tan. ^(x+y) 

=tan. (45°— ^). tan. ^{x+y) 

Find ^from equation (1), which is 45° 55' 45", whence ^{x-r-y) 
=7° 25', and the values of ar and y may then be found as before. 

rROB. 99 a. 

Let straight lines OA, OB, 00, drawn at right angles to 
one another, form at the point the solid angle of a cube. 

Let OA=a, 0B=5, OC=c ; join the extremities A, B, C, 
and let the sides of the triangle ABC be denoted by a^, 5^, c, ; 

then area ABC=J&jCiSin. A=J&iCj>/l— cos.2A 

Now in right-angled triangles AOC, AOB, and BOO, we 

... Jj2+c,2-ai2=2a2 and 45i V='^(«H c*) . {a^+¥) 
=4(a* + a262+aV+&2c2^; substituting these values, we have 

area ABC=iv/a2^2+a«c«+6«c«. 
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Pros. 100 a. 
Let ABO be an equilateral triangle, and upon the sides 
describe squares, the centers of which are A', B', C ; join 
the points A', B', C, forming the equilateral triangle A'B'C, 
A' being opposite A, &c., then area A'B'C'=area ABC . 
(l+Jx/3). 
For areaA'B'C'=|B'C'2.sin. 60°, area ABC=iAC«. sin. 60° 

.-.area A'B'C'=^^ . area ABC. 

Now to find the value of B'C in terms of AC. 

In triangle A'B'C',2AB'.AC'cos.B'AC'=AB'2+AC'2-B'C'« 

or 2AB'«cos. 150°=2AB'«-B'C'« 

.-. B'C'«=2AB'2(l-cos. 150°)=2AB'«(l+cos. 30°) 

=2AB'2(l+iv'3) 

But AB'2=2 . (^) =iAC« .-. B'C'2=AC«(l+iv'3) 

hence area A'B'C'=(1 + J>/3) • area ABC. 

Pros. 101 a. 

The geometrical construction of this problem maybe made 
as foUoTirs : 

To find the course and distance of the vice-admiraL 
Draw N.S. and W.E. at right angles, and let A, the point of 
intersection, be the place of the admiraL Make the angle 
NAV=2 points, or KN.E., and take from a scale AV=6 ; 
then Y is the place of the vice-admiraL Make SAB =4 
points, or S.E., and AB=3, then it will simplify the problem 
if we suppose the admiral to be transferred to B, and to sail 
due east along the line BY', instead of along AE, which is 
the actual line described by the admiral ; for then the pro- 
blem will be reduced to this : to find the course and distance 
of the vice-admiral, so as to form a junction with the admiraL 
Join BY, and take BC=6, the rate of admiral's steaming, and 
with C as a center and radius=10 (the rate of vice-admiral) 
describe an arc of a circle cutting BY (or BY produced) in 
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D ; join DC. Through Y draw W parallel to DC ; then 
W is the vice-admirars distance, and the angle AN V which 
it makes with the meridian N.S. is the course. 
rate of admiral _EC__EV^ 
^^"^ rate ofvice-ad^DC^VV 
^\ Y' is the point of junction, on the hypothesis that the 
admiral sailed from B. But the admiral steamed along the 
Mne AE, and described AA'=BV' in the same time ; . *. A' 
is the position of the admiral when the vice-admiral is at V, 
and it is evident the position of V from A' is the one re- 
quired, namely, S.E. 3 miles. 

To find the course and distance of the look-out steamer. 
Make the angle SAL=3 points or S.E.b.S., and AL=10 
miles, then L is the position of the look-out with respect to 
the admiral. Take AA^'rsS miles (the distance the steamer 
is to be a-head of the admiral), and suppose, as before, the 
admiral to be transferred to A"^; join LA" ; then the problem 
may be solved by supposing the steamer to form a junction 
with the admiral, as in the former case. 

From A"E take A"C'=6 miles, the rate of admiral, and 
with C' as center, and distance 14 miles, describe an arc cut- 
ting A"D' in D', and join D'C Through L, the place of the 
steamer, draw LL' parallel to D'C Then LL' is the steamer's 
distance run to get into her station, and the angle it makes 
with the meridian is her course. 

rate of admiral _A"C^^Aa^ 
rate of steamer"" CD' "" L'L 
.'. L' is the point of junction of the admiral and steamer; 
but since we have supposed the admiral transferred to a point 
A", when in fact he was at A, the position of admiral will be 
5 miles to the west of the steamer. 

To find the course and distance of reinforcement. Join 
AV ; then AV is the distance run, and the angle V'AS the 
eourse of reinforcement. 

This problem may be solved trigonometrically, thus : 
To find the course and distance of vice-admiral. 
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(1.) In triangle AVB, given AV=6, AB=3, and included 
angle VAB=10 points=112° 30', to find the other angles; 
hence angle ABV=46° X8' 30", and AVB=21° 11' 30/ 

(2.) In the triangle BDC are given BC=6, DC=10, and 
the angle DBC=180°-45°— 46° 18' 30"=88° 41' 30", to 
find angle BDC=BYV'=36° 51' 30" 
adding AYB= 21 11 30 
.'. angle AVY'=58 3 0=5 points nearly. 
. • . the course of the vice-admiral=5 points to the left of 
admiral's bearing, or 5 points to the left of S.S.W. .*. course 
=S.E.b.S. nearly. 

(3.) In triangle AVB are given AV=6, VAB=10 
points or 112° 30', and angle ABV=46° 18' 30", to find 
BV=7'67 miles. 

(4.) In triangle VBV are given BV=7-67, angle VBV' 
=88° 41' 30", and W'B=54° 27', to find VV'=9-42, the 
distance run by vice-admiral. 

To find the course and distance of look-out steamer. 

(1.) In triangle AA'X, given AL=10, AA''=5,,and 
included angle A"AL=5 points or 56° 16', to find the 
other angles ; hence angle AA"L=93° 49' 30", and ALA"= 
29° 55' 30". 

(2.) In triangle A"D'C' are given A"C'=6, C'D'=14, 
and angle D'A"C'=180°-93° 49' 30"=86° 10' 30^ to 
find angle A"D'C'= A"LL'=25° 19' 0" 
adding ALA"= 29 55 30 
. *. course of steamer =55 14 30 to the right of ad. 
bearing of adm. N.W.b.N.=33 45 left of north 

. •. course of look-out=21 29 30 right of north 

or N.N.E. nearly. 
(3.) In triangle ALA" are given AL= 10, angle AA'X= 
93° 49'30", and angle A"AL=5 points=56° 15', to find the 
side LA"=8-33. 

(4.) In triangle A"LL' are given LA"=8-33, angle LA"'L 
=86° 10' 30", and Aa'L=68° 30' 30^ to find LL'=8-94, 
the distance run by look-out. ^ , 
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To find tlie course and distance run of the reinfoicement. 
(l.y To find BV or AA' theiJistance run by admiral. 
BV : VV'(=9-42) ; : 6 : 10 .-. BV'=5-62 

Or tlius : in triangle VB V are given all the angles and 
side W to find BV. 

(2.) To find distance AT. 

In triangle ABV are given two sides, AB and BV, and 
included angle ABV, to find AV'=8 miles. 

(3.) To find course of reinforcement. 

In same triangle find angle BAV'=29° 44' left of B. 

bearingof B, S.E.=45 left of S. 

bearing of reinforcement =74 44 lefb of S. 
hence course of reinforcement=E.b.S4S. nearly. 

To find time of reaching their appointed stations. 
10 : 9*42 : : 1 h. ; a?=56 min. for vice-admiral 
14 : 8-92 : : 1 h. : «=38 min. for look-out. 

To find the rate of steaming of reinforcement, we have 
56m. : Ih. :: 8 : 2=8^ miles. 
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SECTION IL 
PROBLEMS IN ASTRONOMY, &c. 



Prob. 102 (Fig. 73). 

Let NWSE represent the horizon, NZS the celestial meridian, 
WZE th« prime vertical (see definitions, Trig. Part L p. 123) : 
take NP=50° 48', the latitude of spectator; then P is the 
pole of the heavens, since the altitude of the pole=lat. of 
place (p. 126), and iPZ is the colatitude; take PQ=90^, 
then Q is a point in the celestial equator : through E and W, 
the east and west points, and Q draw the circle WQE ; this 
will represent the celestial equator (p. 125). Let X represent 
the place of the sun at the time of ohservation, and through 
X draw XZ a circle of altitude, and'XP a circle of declina-; 
tion : then in the spherical triangle PXZ are given, the polar 
distance PX (=90°— decL), the zenith distance XZ (=90*=^ 
—altitude), and the colatitude of spectator PZ (=90*^— lat), 
to find the angle PZX, the azimuth of the sun (p; 127). 
Then by Kule VIH. p. 62, PZX=11P 51' (see Ex. p. 130). 
Hence the azimuth is N. IIP 51' W., the angle being mea- 
sured from the north towards the west. 

Prob. 103 (Fig. 73). 

The same construction being made as in the preceding 
problem, there are given the three sides of the triangle PZX, 
to find the hour-angle of the sun ZPX, which is also the 
apparent time, since the heavenly body is west of-meridian 
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(p. 127). Whence (EuleVIIL)ZPX=2' 57" 16', the hour- 
angle required. 

Prob. 104 (Fig. 73). 

In the fig. are given the polar dist. PX, the zenith dis- 
tance ZX, and the azimuth PZX, to find the hour-angle P ; 
this is easily done by Kule X. p. 68. Or thus : 

sin. P sin. zen. dist. cos. alt. 

sin. az. sin. poL dist. cos. decl. 
.•. sin. P=sin. az. . cos. alt. . sec. decl. 

Whence P=2' 57" 16" (see Ex. p. 31). 



Prob. 105 (Fig. 73). 

In the fig. are given, the polar distance PX=74:° 0', co- 
latitude PZ=39°1 2', hour-angle P=38° 0'; to find the zenith 
distance ZX, and thence the altitude. 

Calculation by Kule IX. p. 65; see Ex. p. 131. 

Prob. 106. 

Construct a similar figure to the one in the preceding 
problem, but place the heavenly body on the east side of the 
meridian, since the hour-angle is a.m. 

In the hg. are given, the polar dist. PX=77° 31', colati- 
tude PZ=39° 12', hour-angle P=2h. 53m. Is.; to find the 
angle PZX, the azimuth. Calculation by Kule XI. p. 69. 

In the following twelve problems the heavenly body is 
supposed to be on the meridian at the time of observation ; 
in this position the triangle PZX (fig. 73) vanishes, and the 
calculations are simplified. 

Prob. 107. 

Describe the horizon NWSE, the meridian NZS, and the 
prime vertical WZE : take S7?i=70°, to represent the sun's 
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meridian altitude : then m is the place of the sun, 
altitude is measured from 
the south point of the 
horizon S, and not from 
the north, since by the 
problem the zenith Z of 
the spectator is north of 
the sun.) And since the 
declination of the sun is 
20° north, the equator 
must be drawn 20° to the 
south of the heavenly 
body : take therefore mQ 
=20^, and draw the circle WQE, to represent the celestial 
equator. Then the latitude of spectator ZQ is found as follows: 
latitude=ZQ=Zm +mQ=zen. dist. + decl. 
=90°— 70°+20°=40° 
On the meridian take a point P, 90° distant from the equator, 
then P (the elevated pole) is the north pole of the heavens, 
and since Z, the zenith of the spectator, is by the figure north 
of the equator, the place is in north latitude, .*. lat.= 40° K 

Prob. 108 (Fig. 66). 

Describe the horizon [NIVSE, the meridian NZS, and 
prime vertical WZE. Take a distance ^m on the meridian 
(c=70°) to represent the sun's meridian altitude : then m is 
the place of the sun. (The altitude is measured from S, the 
south point of the horizon, since the zenith of spectator is 
north.) And since the declination is south 5°, the equator 
must be drawn 5° north of the heavenly body : take, there- 
fore, mQ=5°, through Q draw WQE, the celestial equator. 
Lat.=ZQ=Z?w— wQ=zen. dist. — decl. 

=90°-alt.-decl.=90°--70°-5°=15° 
The latitude is north, since the zenith is north of equator. 
Note. In the diagrams fig. 66, &o., the distances are taken roughly ; 
it being sufficient to indicate the form of the figure, and not the cor- 
rect values of the quantities. 
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Prob. 109 (Fig. 67). 

Describe as before the horizon, celestial meridian, and 
prime vertical.. Take a di^tance Nm on the meridian=70°, 
to represent the star's meridian altitude ; then m is the place 
of the star. (The altitude in this case is measured ^m N> 
the north point of the horizon, since the zenith of the spec- 
tator is by the problem south of the body.) And since the 
declination is 25° north, take. mQ=25°, measured from m 
southward, and draw WQE, the celestial equator. 

Lat.=ZQ=:wQ— mZ=star's decL— zen. dist. 
=25°-20=5° 

The latitude is north, since by the fig. the zenith is north 
of the equator. 

Prob. 110 (Fig. 68). 

Describe horizon, celestial meridian, and prime vertical. 
Take Nm=30°, the sun's meridian altitude (measured from 
N, since the zenith is south) : take mQ=10°, the sun's 
decL, then a circle through WQE will represent the celestial 
equator. 

Lat.=ZQ=Zm— mQ=zen. dist. — decl. 
=60°— 10°=50°. 

The latitude is south, since the zenith is, by the figure^ 
south of the equator, and therefore the spectator is in the 
southern hemisphere. 

Prob. Ill (Fig. to Prob. 107). 

Describe the horizon, celestial meridian, and prime verti- 
cal Since the latitude is 40° K take ZQ=40°, and draw 
WQE to represent the celestial equator : from Q measure 
Qwi=20°, then m is the place of the heavenly body, since 
its declination is 20° ^N"., and 

mZ=zen. dist.=ZQ^Qm=40°-20°=20° 
.•. altitude Sm=70° 
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Prob. 112 (Fig. 68). 
Describe tiorizoii, celestial meridian, and prime veriiical. 
Take Nm-=30°, tlien m is tlie place of the sun (the altitude 
being measured from the north, since the zenith is south of 
the heavenly body) : take ZQ=50°=the latitude of place, 
and through Q draw WQE to represent the celestial equator 
(ZQ is taken to the north of Z, since the place is in the 
southern hemisphere) : then mQ is the declination of body ; 
and 

mQ=mZ— ZQ=zen. dist.-lat=60°— 50°=10^. 

The declination is 10° north, since by the figure the 
heavenly body is north of the equator. 

Prob. 113. 

Describe the following parts of fig. 66, the horizon 
NWSE, celestial meridian NZS, and prime vertical WZE : 
then since the place is on the equator, the celestial equator 
must pass through the zenith, and therefore WZE represents 
also the celestial equator: take a distance Sm=67°,to repre- 
sent the star's meridian altitude (measured from S, since the 
zenith must be north of the star) ; then 

mZ=33°=zenith dist.= declination, 

since the equator passes through Z. 

The declination is south, m being south of Z. 

Prob. 114 (Fig. 69). 
Let m be the place of the heavenly body below the 
pole P, and m^ its place above pole. 

Then Nm=star's meridian altitude at inferior transit. 
'Nm^=■ .... superior transit, 
and mP=mjP=star's polar distance. 

Now lat.=NP=Nm+wP 

lat. =NP=Nmi— mjP 
. • . 2 lat. =Nm + Nm^ (since mT=m^P) 
.-. lat.=i(Nw+Nm^)=45°K 
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Prob. 115 (Fig. 70). 

Describe horizon and celestial meridian. Take Nwss 
20°=star's meridian altitude at inferior transit ; and since it 
passes through the zenith at superior transit, bisect Zm in P ; 
then P is the pole, and (as in last problem) 

lat. PNn=J(Nw+NZ)=i(20°+90°)=55°. 

Prob. 116. 
Construct the horizon XWSE, and celestial meridian 
NZS. From N take a meridian altitude=a?, and from Z a 
meridian zenith distance =a; ; 
.*. meridian altitude at superior transit=90°— a? 
. •. lat.=J(alt. below pole + alt. above pole) 
=|(a:+90°-.a?)=45°. 

Prob. 117. 
Describe the horizon NWSE, and celestial meridian 
NZS; on the meridian, take NP=60°, the latitude; then 
P is the pole ; and since the declination is 40°, the polar 
distance := 50°; take therefore from P towards N a distance Pw 
=50°, and from P towards the zenith a distance Pwj=50°; 
then m is the place of the body below the pole, and Wj is 
the place of body above the pole. 

Alt. below pole=Nm=NP-Pm=60°-50°=10° 
alt. above pole=Sm,=90°— Zmi= 90°- (Pm^-PZ) 
=90°-(50°-30°)=70°. 

Prob. 118. 
In fig. 70, let mZ represent the parallel of declination 
described by the star. Then lat. =PN=50°48' 
. •. PZ=39° 12'=star's polar distance. .-. decL=50° 48' K 
and alt. below pole=Nm=NP-Pm=60° 48'- 39° 12'= 
11° 36'. 

Prob. 119. 
Since the sun, in this problem, touches the horizon at 
the inferior transit, its polar distance must be equal to the 
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latitude of the place (Trig. p. 126), hence lat.=90°-23° 28' 
=66° 32' N. 

Proof of Fm^muloB in p. 136. 

(1). The heavenly hody on thQ prime vertical, as at Y in 
fig. p. 125. 

Draw the horizon, celestial meridian, and prime vertical ; 
take a point Y on the prime vertical, and draw PY, the 
polar distance ; then 

COS. hour-angle=cot. lat. . tan. decl. (a) 

Proof In triangle PZY, right-angled at Z, mark the 
hour-angle P, polar distance PY (the co-decl.), and co-lat. 
PZ; then 

COS. P=tan. PZ . cot. PY (Eule XIII. p. 72.) 
or COS. hour-angle=cot. lat. . tan. decL 

Again, sin. decl.=sin. lat. . sin. alt. (jS) 

Proof In a similar triangle, mark pol. dist. PY, co-lat. 
PZ, and zen. dist. YZ ; then 

COS. PY=cos. PZ . COS. YZ 
or sin. decl.=sin. lat. . sin. alt. 

Again, cos. alt. =sin. hour-angle . cos. decl. (y) 

Proof, In a similar triangle, mark zen. dist. YZ, hour- 
angle P, and co-decl. PY ; then 

sin. YZ=sin. P. sin. PY 
or COS. alt.=sin. hour-angle . cos. decl. 

Again, cos. lat.=cot. hour-angle . cot. alt. (2) 

Proof In a similar triangle, mark zen. dist. YZ, hour- 
angle P, and co-lat. PZ ; then 

sin. PZ=cot. P . tan. YZ 
or COS. lat.=cot. hour-angle . cot. alt. 

(2.) The heavenly hody six hours, or 90° from the meri- 
dian, as at Y in fig. p. 125. 

Draw the horizon, celestial meridian, and prime vertical, 
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and take a point V six hours from the meridian, and draw 
PV the poL dist., and ZY the zen. dist. ; then 

sin. alt. = sin. decl. . sin lat. (s) 

Proof. In triangle PVZ, right-angled at P, mark zen. 
dist. VZ, pol. dist. PV, and co-lat. PZ ; then 
cos. VZ=cos. PV. COS. PZ 
or sin. alt. = sin. decl. . sin. lat. 

Again, cos. azimuth = cot. lat. . tan. alt. (^) 

Proof. In a similar triangle, mark PZV the azimuth, 
co-lat. PZ, and zen. dist. VZ ; then 

COS. Z=tan. PZ.cot. VZ 
or COS. azimuth = cot. lat. . tan. alt. 

Again, cos. lat.=cot. decl. . cot. azimuth (^) 

Proof in a similar triai^le, mark co-lat., pol. dist., and 
azimuth j then 

sm. PZ=tan PV . cot. Z 
or COS. lat.=cot. decl. . cot. azimuth. ^ 

Again, cos. decl. = sin. azimuth . cos. alt. (d) 

Proof. In a similar triangle, mark pol. dist., azimuth, 
and zen. dist. ; then 

sin. PV=sin. Z . sin. VZ 
or COS. decl. =sin. azimuth . cos. alt. 

(3.) The heavenly body in the horizon, as at D, fig. 
p. 125. 

Draw the horizon and celestial meridian as before, and 
take D a point on the horizon, and draw PD the polar dis- 
tance, and ZD the zen. dist. ; then 

COS. hour-angle=— tan. lat. . tan. decl. (/) 

Proof In quadrantal triangle PZD, mark hour-angle 
P, co-lat. PZ, and pol. dist. PZ ; then (ZD being 90°) 
COS. P=— cot. PZ. cot. PD 
or COS. hour-angle = — tan. lat. . tan. decl. 
Again, sin. decl. = cos. lat. .sin. amplitude. ^ Ik) 
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Proof, In a similar triangle, mark PD, PZ, and Z the 
co-amplitude; then 

COS. PD=8iii. PZ.cos. Z 
or sin. decI.=cos. lat. . sin. amplitude. 

Again, sin. lat. = — cot amplitude . cot. hour-angle (X) 
Proof, In a similar triangle, mark PZ, Z, and P j then 

cos. PZ=— tan. Z.cot. P 
or sin. lat. = — cot. amplitude . cot. hour-angle. 

Lastly, cos. amplitude=co8. decl. . sin. hour-angle {fj) 
Proof. In a similar triangle, mark Z, PD, and P ; then 
sin. Z=8iiL PD . sin. P 
or COS. amplitude=cos. decL . sin. hour-angle. 

In the above formulae the lat. and decl. are supposed to 
be of the same name. When they are of different names, 
the last four formulae (/), (k), (A), (/t), may require some 
modification : this may be easily done by remembering that 
PD=90°-hdecL instead of 90°— decl., and angle Z==90°+ • 
amplitude instead of 90° — ampL, as in former case. The 
other formulae require no alteration, since they are applied 
to problems in which the latitude and declination are always 
of the same name. 

Prob. 120. 

Describe the following parts of fig. p. 125, the horizon, 
celestial meridian, and prime vertical. Let Y be the place 
of the body on the prime vertical, Z the zenith of spectator, 
and P the pole ; then in the spherical triangle PYZ, right- 
angled at Z, are given PY (the complement of the decl.) 
=70°, and YZ (the complement of alt.)=60°, to find PZ 
the complement of latitude, and thence the latitude. 

By Rule XIIL p. 72, 

COS. PY= cos. PZ . COS. YZ (see Ex. p. 73). 
. •. PZ=46° 50' 30", and lat. =43° 9' 30" N. 
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Prob. 121. 
Describe fig. to prob. 120. In tbis tbere are given, colat. 
PZ=90°-60^48',or 39^12', pol.distPY=90°-23°2r 45", 
or 66° 32' 16", to find zen. dist YZ (and tbence tbe alt.), 
and hour-angle P. 

(!)• (2). 
Mark PY and PZ as. known Mark PY and PZ as known 
quantities, and YZ as un-. quantities, and P as un- 
known ; then, Rule XIIL known ; tben 
cos. PY=cos. PZ . COS. YZ cos. P= cot. PY . tan. PZ 
.-. YZ=59° 5', and .'. bour-angle=4:b. 37m. 4s. 
alt.=30° 55' 

If tbe student is acquainted with analytical trigonometry 
he can simplify the above and similar formulae that will fre- 
quently occur in the following pages, before he opens the 
table of logarithms. Thus : 

since cos. PY=cos. PZ . cos. YZ 
sin. decl.=sin. lat. . sin. alt. 
hence sin. alt. =sin. decl. . cosec. lat. 

cos. P.=cot. PY. tan. PZ 
or COS. hour-angle = tan. decl . cot. lat. 

From these two expressions the altitude and hour-angle are 
found directly from the quantities given in the question. 

Prob. 122. 

Make a right-angled triangle similar to PYZ in fig. p. 125, 
but so that Y may be to the east of meridian, somewhere on 
the line ZE ; let Y be the place of the star whose altitude 
YE is 20° ; take another point Y' between Z and Y to re- 
present the place of the other star, whose altitude is 40°, 
and join PY' ; then in triangles PYZ, PY'Z, are given, 
colat. PZ=39° 12', and zenith distances ZY (=70°) and 
ZY' (=50°), to find the hour-angles at P, and thence YPY' 
their difference. 
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In triangle ZPY In triangle ZPY' 

sin. PZ=tan. Z Y . cot. ZPY 8in.PZ=tan ZY'.cot^ZJPY' 
whence ZPY=5li. Sm. lis. and ZPY'=4li. 8m. los. 
.'. difference of hour-angles =01i. 59m. 56s. 

The above fprmulse simplified : 
cot. ZPY =cos. lat. . tan. alt. cot. ZPY^ =cos. lat . tan. alt. 

Prob. 123. 

Describe horizon, celestial meridian, and prime vertical ; 
take P the pole, as in fig. p. 125, and make the angle VPZ= 
6 hours, or 90°; let V be the heavenly body, and join ZV ; 
then in triangle ZPV are given, ZV=90°— alt., PV=90° 
-decl., and P=90°, to find PZ=90°-lat 

By Rule XIII. cos. ZV =cos. PZ . . cos. PY, 
whence colat. PZ may be found, and thence the latitude. 

Simplified .... sin. alt.=sin. lat . sin, decl. 
.'. sin. lat.=sin. alt. . cosec. decl. 

Prob. 124. 

Construct a similar figure to the one in the preceding 
problem ; then in the right-angled triangle ZPV are given, 
colat. PZ=39° 12', polar dist. PV=66° 32' 15", and P== 
90°, to find azimuth Zj and zen. dist. ZV, and thence the 
altitude. 

By Rule XIII. cos. ZV= co8. PV. cos. PZ 
sin. PZ=tan. PV. cot. Z 

Simplified sin. alt. = sin. decl. . sin. lat. 

cot. az. =cos. lat. . tan. decl. 

Prob. 125. 

Describe the following parts of fig. 97, horizon, celestial 
meridian, and prime vertical. Let M be the place of the sun 
at rising, and P the pole ; join ZM and PM ; then in quad- 
rantal triangle ZPM are given, colat. PZ=39° 12', azimuth 
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PZM=100°, and ZM=90°, to find hour-angle P, and 
thence apparent time (def. p. 127). 

+ - + 

By Rule XIV. p. 75, cos. PZ=-tan. PZM . cot. P 

placing the proper signs over known quantities, by Rule, 
p. 29, we find P is less than 90°, or 6 hours, 

whence P is found=5h. 28m. 53s. 
.-. app. time=18h. 31m. 7s., or 6h. 31m. 7s. a.m. 

Simplifying formula . . cot. P=sin. lat. . cot. PZM 

=sin. 50°48'.cot. 80°. 

Pros. 126. 

In fig. p. 125, suppose D the place of the sun on the 
horizon; then amplitude=WD=37° 30'. Complete quad- 
rantal triangle PDZ j then in triangle PDZ are given, angle 
PZD=52° 30' (complement of amplitude), pol. dist. PD 
=74° 48', and ZD=90°, to find colat. PZ, and thence the 
latitude. 
By Rule XIY. cos. PD= 8in. PZ . cos. PZD 

whence PZ Inay be found. 
Or simplifying formula . . sin. decl.=cos. lat. . sin. ampl. 

.•. cos. lat.=sin. decl. . cosec. ampl. 

Prob. 127. 

Construct the following parts of fig. p. 125, horizon, celes- 
tial meridian, prime vertical ; suppose Do to be the place 
where the sun rose, and D the place of setting ; join PD 
and ZD ; then in quadrantal triangle PZD there are given, 
colat. PZ, pol. dist. PD, and ZD=l90°, to find angle PZD 
(the complement of amplitude), and hour-angle ZPD (the 
half the length of day), and thence the lengths of the day 
and night. 

By Rule XIV. cos. PD=sin. PZ . cos. PZD 
COS. P =--cot. PZ . cot. PD 
placing the proper signs over the terms (p. 30), we shall 
find COS. PZD is positive, and cos. P negative. 
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whence PZD:^59° 55' 30", and ampl.==W. 30° 4' 30" N. 
P=7h. 36m. 41s.=angle PZDg 

therefore the sun rises at 4h. 23m. 19s. a.m., sets at 7h. 
36m. 41s. P.M., length of day 15h. 13m. 22s., length of 
night 8h. 46 m. 38s., and amplitude at rising and setting 
30° 4' 30" N. 

Formulae simplified . . sin. ampl.=sin. decl. . sec. lat. 

COS. hour-angle = — tan. lat. . tan. decl. 

Pror 128. 

Since the day is more than 12 hours long, the sun must 
rise (in north lat.) to the north of equator, as at S in fig. 97. 
Construct fig. j then in quadrantal triangle ZPS are given, 
colat. PZ=39° 12', hour-angle P=7h., and ZS=90°, to 
find PZS, the complement of amplitude. 
Rule XIY. cos. PZ=-cot. ZPS . tan. PZS 

whence PZS=N. 70° 56' 30" E. 
and ampl.=E. 19° 4' 30" N. 

Simplified . . cot. ampL =— sin* lat . tan. hour-angle. 

Pros. 129. 

Describe horizon, celestial meridian, prime vertical, and 
WQE, the celestial equator, ^. 71. Take some point X on 
the equator to represent the sun's place, and draw circle of 
altitude ZO, and circle of decl. PXj then in quadrantal 
triangle PXZ are given, zenith distance ZX=67° 4', hour- 
angle P=3h., and PX=90°, to find colat. PZ, and thence 
the latitude. 

By Rule XIY. cos. ZX=sin. PZ . cos. P 

whence PZ=33° 26' 30", and lat. =56° 33' 30" 

Simplified . . cos. lat. = sin. alt. .sec. hour-angle. 

Prob. 130. 

Let X, fig. 74, be the place of the heavenly body ; then 
in triangle PXZ are given, zen. dist. ZX, pol. dist. PX, and 
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azimnth PZX, to find colat. PZ, and thence the latitude. 
The quantities given are not sufficient to enable us to find 
PZ by the common rules of spherical trigonometry. In 
cases of this kind it is usual to drop a perpendicular upon 
one of the sides, or side produced, thus forming two right- 
dngled triangles, and then to apply, if possible, Kule XIII. 
Problems may often be solved by means of analytical trigo- 
nometry, when the common rules are insufficient, or tire- 
some if applied. We will give a few solutions of this 
problem, as they will be useful exercises in analytical trigo- 
nometry. 

(1st solution.) By dropping a perpendicular, as XM, on 
the meridian. 

(1.) In right-angled triangle XZM are given XZ and 
XZM, to find XM and ZM. 

sin. XM =sin. ZX.sin. XZM .-. XM=38° 34' 30" 
cos. XZM=cot. XZ . tan. ZM .-. ZM==30 12 45 

(2.) In right-angled triangle XPM are given XP and 
XM, to find PM. 

COS. PX= cos. PM . COS. XM .-. PM=61° 8' 45" 

whence 1>Z=:PM-ZM=30° 66', and lat.=59° 4' K 

(2d solution.) By means of formula (TJ), Trig, Part II. 
p, 62. 

(1.) Find angle P, by Eule X. Part I. p. 68, thus : 
sin. P : sin. PZX : : sin. XZ : sin. PX 
. •. P=42° 19' 30" 
(2.) By (U). 
^^ p^^ tan. I(PX-ZX) . sin. |(PZX-hP) 
* ^ sin. ^(PZX— P) 

.'. JPZ=15° 27' 45", and lat.=59° 4' 30" N. 

(3d solution.) By means of a subsidiary angle. Trig. 
Part II. p. 62 (L). 
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^„^ COS. PX— COS. PZ . COS. ZX 

COS. PZX= . — w>7 — J — TTv 

sm. PZ . sm. ZX 

If a:=alt. sin. d — sin.- 1 . sin. a 

Z=lat. COS. I . COS. a 

ei=decL 

.*. sin. 6Z=siii. a . sin. Z+cos. I . cos. a ..cos. PZX 

=8in. a (sin. Z+cos. Z . cot. a . cos. PZX) 

Assume cot. a . cos. PZX=cot. tf . . . (1) 

.*. sin. (i=sin. a (sin. Z+cos. Z . cot. 6) 

_sin. a (sin. Z . sin. tf+cos. Z . cos. ^) 

sin. ^ 

sin. a . cos. (Irsj^) 

~" sin. tf 

whence cos. (Zoo ^)-=sin. d . sin, 6 . cosec. a . . (2) 

tf is found by (1)=120° 12' 45^ and thence, by (2) 

Z^^=61° 8' 30'V.and therefore Z=f59° 4' 30". 

(1). To find 6. (2). To find 1^6, 

— + — cosec. a.. 0:170317 

cot. ^=cot. a . COS. PZX sin. eZ 9 -676689 

cot. a.... 0-037948 sin. ^ 9;9365y7 

cot.PZX 9-727228 cos. (Zoo ^) 9 -683603 

cot. tf. ...9-765176 . • . Z-^=61°8' 30" 
.-. ^==180^-59° 47' 15" .-. Z=59 4 30" 

(4th solution.) By elimination. 

Let PX=i?, ZX=ai, XZM=Z, 
PM=«, ZM=y, XM=2; 
then colat.=a?--y. 

(1.) To find y. In triangle XZM . • cos. Z=tan. y, cot. a^ 
. *. tan. ^=cos. Z . tan. a^=cos. az • cot alt. (1) 

(2.) To find X. 

In triangle PXM . . cos. p =co8. x . cos. z 
In triangle XZM . . cos. ai=cos. z . cos. y 
eliminate cos. z by division. 
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COS. p COS. X 

= or COS. aj=cos. « . cos. v. sec. a, 

COS. a^ COS. y tf n \ 

=sin. decL . cosec. alt. . cos. y (2) 

hence by (1) y=30° 12' 45"; by (2) a:=61° 8' 30" 

. •. x—y the colat.=30° 55' 45", and lat.=69° 4' 15". 

Prob. 131 (Fig. 74). 

In this important problem are given the polar dist. PX 
=90°-22° 30', the zen. dist.ZX=90°-37° 20', and hour- 
angle P=2h. 15m., to find the latitude=90°-PZ. 

As in the last problem, the common roles of trigonometry 
will not enable us to find the side PZ from the three known 
parts of the triangle. We may proceed as follows : 

(1st solution.) By dropping a perpendicular XM. 
(1.) In right-angled triangle PXM are given PX and P, 
to find PM. (Kule XIII. p. 72.) 

COS. P =tan. PM . cot. PX 
.-. PM=63°3ri5". 
Let A=hour-angle, (^= declination, a=alt. 
simplified .... tan. PM =cos. h . cot. d 
(2.) In right-angled triangle PXM are given PX and P, 
to find MX 

sin. MX ==sin. P. sin. PX. (Kule XIII.) 
' (or sin. MX =sin. h . cos. d) . •. MX=30° 53'. 
(3.) In right-angled triangle ZXM are given ZX and 
XM, to find ZM. 

COS. ZX=cos. ZM . COS. MX 

(or COS. ZM =sin. a . sec. MX) .-. ZM=46° 2' 15" 

.-. PZ=PM-ZM=18° 29', and lat.=71° 31' K 

(2nd solution.) By means of (U), Trig., Part 11. p. 62. 
(1.) Find angle PZX. sin. PZX : sin P : : sin. PX : sin. ZX 

(or sin. PZX=cos. d . sin. li . sec. a) 
.-. PZX=40° 12' 30", or its supplement 139° 47' 30", an 
ambiguous result ; but it is evident by a 'rough construction 
of figure that the latter value must be taken. See fig. 74. 
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(2.) iBy formula (U), find ^PZ (as in last problem)= 
9° W 26% whence lat.=90°-PZ=71° 31' 20". 

(3d solution.) By means of a subsidiary angle. 
Since (Part IL, p. 62) 

_ co8. ZX— COS. PX . COS. PZ__sin. a— sin. d . sin. I 
"~ sin. PX . sin. PZ ~" cos. d . cos. / 

.*. sin. d . sin. Z+cos. d . cos. I . cos. P=sin. a 
or sin. d (sin. Z+cos. I . cot. d . cos. P)=sin. a 

Assume cot. &^coi, d . cos. P (1) 

. •. sin. d (sin. Z+cos. Z . cot. ^)=sin. a 
or sin. d . cosec. tf . cos. (Z'^^)=:sin. a 
.'. COS. (Z~^)=sin. a . cosec. d . sin. &.,. (2) 

Formula (1) determines ^, and thence, by (2), Zoo0 may 
be found, and consequently the latitude Z, as in the last 
problem. 

(4th solution.) By elimination. 

Let PX=/7, ZX=ai, ^=h, PM=a?, 

ZM.=yy'XM.^z; then cola,t.=x'^y 

(1.) To find X, or PM. In triangle XPM, 

COS. ^=cot. p . tan. x r. tan. ar=cos. h . tan. p 

=cos.. h . cot. decL ... (1) 

(2.) To find y, or ZM. In triangle XPM, 

COS. jp =cos. z . COS. X. In triangle ZXM, cos. aj=cos. y . cos. 

,. . , , ,. . . cos. p cos. » 

eliminate cos. z by division . . —= 

•^ cos. a^ cos. y 

• •. COS. y=coa. a^ . cos. x . sec. ^ 

=sin. alt. . cos. decl. . cos. x (2) 

Formulae (1) and (2) determine x and y, and thence the 
latitude, since colat.=fl?^y. 

Prob. 132 (Fig. 76). 

Ex. 1. Let X be the place of the sun in the ecliptic 
AXM, A the first point of Aries, and ARQ the celestial 
equator. Through X draw the circle of declination PXR ; 
then in the spherical triangle AXR, right-angled at R, are 
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given angle A the obliquity of the ecliptic, and AE the 
sun's right ascension, to find AX the longitude, and XR the 
declination. 

To find longitude AX. Rule XIII. 
cos. A.=tan. AR . cot AX . •. AX=64° 33' 15" 

To find declination XR. 
sin. AR= tan. XR . cot. A .-. XR=21° 4' 15" K 

Ex. 2 (fig. 77). In this example the sun's right ascension 
exceeds 12 hours, it must therefore have passed the autum- 
nal equinox, or first point of Libra, to the south side of the 
equator. 

To find the place of the sun, let ALAj represent the whole 
of the celestial equator, A and A^ the same point, namely, 
the first point of Aries, ACLCiA, the ecliptic, cutting the 
equator in the two points A (or A^) and L. Take AR equal 
to the sun's right ascension, and through R draw the circle of 
decl. RX ; then X is the place of the sun, and its longitude 
is ACLX, anddecl. RX. 

To find longitude ACX, and decl. RX. 

Subtract 12 hours from the right ascension ALR, the 
remainder is LR ; and the angle RLX is also known, being 
the obliquity ; then in triangle RLX, 

sin. RL=cot. obliq. . tan, decl. .-. decL=22<=' 58' S. 
COS. obliq. =tan. LR . cot. LX .-. LX=78° 30' 15" 
.-. long. ACLX=180°-f78°30' 15"=258° 30' 15" 

Prob. 133. 

Ex. 1 (fig. 78). Let X be the place of the heavenly body, 
AR the celestial equator, and AM the ecliptic. Through X 
draw PXR, a circle of decl., and FXM, a circle of latitude, 
and join A and X by an arc of a great circle. 

In the figure are given, AR the right ascension, XR the 
decl., and MAR the obliquity, to find AM the longitude, and 
XM the latitude. 
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(1.) In triangle AXE, 
COB. AX =cos. RA . COS. XE . •. AX=48° 46' 45" 

In same triangle, 

sin. AR=tan. XR . cot. XAR . •. XAR=29° T 0" 
.-. angle XAM=29° V 0"— 23^ 27' 45"=5° 39' 6" 

(2.) In triangle XAM, 
cos. XAM=cot. AX . tan. AM .', long. AM=48° 37' 30" 

In same triangle, 
sin. XM =8in. AX . sin. XAM .-. lat. XM=4° 15' N. 

Ex. 2. Since the right ascension exceeds 12 hours, the 
star must be to the east of the first point of libra, as at X* 
in fig, 77. Draw XM a circle of lat., and XR' a circle of 
decL, and join LX. 

(1.) In right-angled triangle LXR' are given, LR'= 
♦ R.A.-12h., decl.XR'=25° 51' (N. decl.), to find LX 
and angle XLR'. 

COS. LX =cos. LR' . cos. XR' . •. LX =66° 19' 30" 
sin. LR' =cot. XLR ' . tan. R' . •. XLR'=28° 25' 45" 

(2.) In right-angled triangle XLM, given LX, and angle 
XLM(=XLR'+obHquity)=51°53' 30", to findLM(=longv 
tude-180°), and XM the latitude, 
sin. XM=sin. LX . sin. XLM .-. XM=46° 6' 15^ N. 
cos. XLM= cot. LX . tan. LM . •. LM=54° 36' 30" 
whence long. ACLM=180°+54° 86' 30"=234° 36' 30". 

Pros. 134 (Fig. 79). 

Let A and B represent the two places in the same lati- 
tude, and PU, PV, meridians passing through them, and 
UV the arc of the equator intercepted between the meridians; 
then UV=difference of longitude between A and B=angle 
at P=10° 36', and AP=PB=colatitude=45°. 

In the spherical triangle APB are given two sides and 

* In some of the diagrams the Bi ahould be marked R. 
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included angle, to find the third side AB=7° 29' 1 6"=449-25', 
the distance between the two places in nautical miles. 

Or thus : since AP=PB, a perpendicular drawn from P 
upon AB will bisect the angle P and arc AB. Suppose 'in 
the figure an arc AD to be drawn perpendicular to AB, then 
in the right-angled - triangle PDA are given AP=45° and 
angle APD=5° 18', to find AD=half the distance AB. 
Rule Xm sin. AD= 8in. AP . sin. APD. 

Pros. 135 (Fig. 80). 

Let UV be the arc of the equator intercepted between 
the meridians PB and PV passing through B and A, the 
two places ; join AB. Then in the triangle BPA are given, 
PB=90°+34° 37'=124° 37', PA=90°-50° 48'=39° 12', 
and the included angle P=57° 18', difference of longitude 
between the places. 

Whence (by Rule IX. or X.) the third side AB may be 
found=99° 9' 48", or 5949-8 nautical miles. 

60 nautical miles =69 -05 geographical miles : 
hence to express the above distance in geographical miles we 
have 60 : 69*05 : : 5949-8 : a?=6847-2 geographical or Eng- 
lish miles. 

Chreat Circle Sailing, 

(1.) Find the shortest distance between Liverpool and 
N"ew York, 
lat. Liverpool . . 53° 25' K long. Liverpool . . 2° 59'W. 
„ New York. 40 42 N. „ New York . 73 59 W. 

Let PL, PY be the ^ 

meridians of Liverpool 
and New York, and LY 
an arc of a great circle 
passing through the two 
places ; then in the spheri- 
cal triangle PYL are given y; 
PL=90°-53° 25', PY=90°-40° 42', and the included 
angle P=71°, the difference of longitude between the two 
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places, to find (by Rule IX. or X.) the arc. YL=47° 52'= 
2872 nautical miles. 

(2.) Take a p 

point A on the 
arc YL, distant 
from Liverpool, L, 
872 miles; take 
another point B, 
distant from A 
1000 miles; then 
from B to New 
York, the distance BY=1000 miles. To find the latitude 
and longitude of each of the points A and B. 

(1.) In the triangle PYL are given the three sides, to find 
(by Rule VIH.) the angle L=75° 8' 15''. 

(2.) To find PA, and thence the latitude of A. 

In the triangle PL A are given, the sides AL (=872' or 
14° 32'), PL, and the angle L, just found, to find PA (the 
colatitude of A) =35° 21', and thence the lat. of A= 
54° 39' N. 

(3.) To find angle APL, and thence the longitude of A. 

In the same triangle APL are given the three sides, to 
find the angle APL=24° 47' 15". 

angle APL=24° 47' 15"W. 

long, of Liverpool= 2 59 W. 

.-. long, of point A=27 46 15 W. 

(4.) To find PB, and thence the latitude of B. 

In the triangle PBL are given the sides BL (=1872' or 
31° 12'), PL, and the angle L, to find PB (the colat. of B) 
=40°, and thence the lat. of B=50° N. 

(5.) To find the angle BPL, and thence the longitude 
of B. 

In the same triangle BPL are given the three sides, to 
find the angle BPL=51° 10'. 
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angle BPL=51° 10' W. 

long, of Liverpool= 2 59 W. 

.-. long, of point B=54 9 W. 

The points A and B being thus found on the line of 
shortest distance, the course and distance from Liverpool to 
A, thence from A to B, and thence from B to New York, 
may be found by the common rule of Navigation. 

The course and distance from Liverpool to New York by 
Mercator's sailing are S. 75° 10' 30" W., 2982 miles, and 
the sum of the distances described by the ship sailing on the 
three loops, as above, is 2884, so that the distance saved by 
altering the course twice is about 98 miles. 

The above method of finding the length of the arc of a 
great circle passing through two places on the surface of the 
earth, and of determining a certain number of convenient 
points thereon, to which the ship may be directed, so as to 
keep her as near to a great circle as possible, is direct and 
general By dropping a perpendicular from P, or by means 
of special tables, the computation may be shortened, but only 
with the disadvantage of introducing a distinction of cases, 
and rendering the problem complicated. As the attempt at 
great circle sailing can only be of rare occurrence, it does not 
seem advisable to give formal rules for the purpose, nor to 
burden our books with more tables than are already in use. 

By taking a greater number of points than A and B on 
the arc YL, so as to bring tl^e ship oftener to the line of 
shortest distance, the sum of the distances sailed vriU ap- 
proximate nearer to the shortest distance. It will be seen, 
however, that even on the above assumption of only altering 
the course once in about 1000 miles, the sum of the dis- 
tances run exceeds by a very few miles the shortest distance, 
and that the absolute saving in distance between the two 
points Liverpool and New York is on this supposition nearly 
100 miles. 

Prob. 136 (Fig. 81). 

Let AQ represent the celestial equator, A the first point 
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"of Aries, M the place of the moon, R the place of star j PM, 
PR circles of declination passing through M and R, and MR 
the arc of a great circle joining M and R ; then ^IR is the 
distance required. 

In the triangle MPR are given, PM=90°-fdecl. of moon 
:=:95° 19' 0", PR=90°-decL of star=76° 49' 45", andP= 
dift. of right ascension=147° 46' 0", to find MR, the third 
*side. (Rule IX. or X.) 

PnoB. 137 (Fig. resemhling 69). 

Construct the figure as follows: describe the horizon 
NWSE, celestial meridian NS, and prime vertical EW, as 
in preceding problems. On the meridian take NX=6° 10', 
■the altitude of the body ; then X is the place of the body, 
and since its decl.=13° 10', its polar dist. must be 76° 50' ; 
therefore from X take a distance XP=76° 50' towards the 
zenith ; then P is the north pole, and PiT the altitude of 
pole=latitude (Trig. Part I. p. 126). 

I^ow PN=PX+X]Sr=76° 50' + 6° 10'=83° K 

Prob. 138 (Fig. 84). 

Let AQ represent the celestial equator, AR the ecliptic, 
iand S the place of the sun, M the place of the moon, P' the 
pole of ecliptic, and P'M, P'S circles of latitude passing 
4;hrough M and S. Draw MS an arc of a great circle ; then 
-MS is the distance required. 

In the quadrantal triangle P'MS are given, P'M=90°— 
moon's latitude =85° 5' 30", P'S=90°, and the angle F (the 
difference of longitude) =112° 58' 45", to find MS. 

By Rule XIV., cos. MS=sin. FM . cos. F; putting 
•over P'M and P' their proper signs (see Part I. p. 29) we 
find COS. MS is negative, hence MS=112° 53' 30". 

Prob. 139 (Fig. 85). 

Let Z be the first position of the ship, and S the point 
Arrived at after describing ZS, an arc of a great circk=100L 
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or r 4:0\ Through Z and S draw the meridians ZQ, SQ^ 
meeting in pole P ; then the angle SZQ is the initial course 
=45°, and the angle PSZ, or its opposite angle, is the course- 
of the ship at S. To find this angle, we have in the triangle 
PZS the two sides (PZ colatitude, and ZS the distance run), 
and the included angle PZS =135°. Hence the angle at 
S may be found by Kule XI. 

Prob. 140 (Figs. 86, 87). ' 

In this problem it is not stated whether B is to the east 
or west of A. As the longitude of C depends on its posi- 
tion with respect to B as well as ^o A, there will be two* 
solutions. (See figs. 8Q, 87). 

Let A, B, C, be the three places ; then we have given, 
PA (the colat. of A)=50°, PB (colat. of B)=40° and AB= 
AC=BC=20°, to find CP, the colat. of C, and angle CPA, 
the difference of longitude between A and C, whence the 
longitude of C may be found. 

(1.) In triangle ABP are given the three sides, to find 
the angle BAP=51° 48'. 

(2.) In triangle BAG are given the three sides, to find 
the angle BAC=61° 1' 30"; hence the angle PAC= 
9° 13' 30". 

(3) In the triangle PAC are given, the two sides PA 
and AC, and included angle PAC, to find angle APC (tho 
difference of longitude between A and C)=6° 13' 30'^^, and 
the side PC (the colat.)=30° 23' 15". 

If C is to the east of A (as in fig. 87), 
then the long, of C=long. A + 6° 13' 30"=21° 13' 30" E« 

If C is to the west of A (as in fig. 86), 
then the long, of C=long. A-6° 13' 30''=8° 46' 0" E. 

Prob. 141 (Fig. 88). 

Let T and R represent the places of the stars, C that of 
the comet, AEQ the ecliptic, and P the pole of ecliptic. 
Through the heavenly bodies T, C, R, draw the circles of 
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latitude; then CE=lat. oi comet, and AE the longitude 
(A being the first point of Aries). 

(1.) In triangle TPjE are given the side P»T=90°+ 
lat.=95° 28' 45'', the side PiE=90°-lat.=89° 32' 30", 
and the included angle TP^R= difference of longitudes = 
^0° 3' 15", to find the third side TE=80^ 8' 45". 

(2.) In same triangle TPjR are given the three sides, to 
find the angle P^TE^SS^ 34' 45". 

(3.) In triangle ETC are given the three sides, to find 
angle ETC=39°^ 32' 15". 

Hence the angle PjTC is known, being the sum of the 
last two results=128° 7'. 

(4.) In triangle P^TC are given TPi=95° 28' 45^^, TC 
^40° 12', and included angle P,TC=128° 7', to find P^C= 
118° 0' 15". 

Hence CE the lat.=28° 0' 15" S. 

Lastly, in the same triangle P^TC are given the three 
sides, to find the angle TP^C (the difference of long, be- 
tween comet and Aldebaran)=35° 6' 40". Hence the longi- 
tude=67° 12' 15" + 35° 6' 40"=102° 18' 55". 



PnoB. 142. 

Let the fig. be 
projected on the plane 
ofthemerid. PEP^Q, 
JZ the zenith of spec- 
tator, and H^ the 
plane of the horizon. 
Take HP=54° 36', 
then P is the place 
of the elevated pole 
<Tni7. Part L p. 126); 
through P draw the 
diameter PPj, and 
EQ at right angles to 
it. Then PP^ is the 
axis of the heavens, and EQ the plane of the celestial 
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equator. Draw ddl parallel to the equator, at the distance- 
from it equal to the sun's declination 8° 30' ^IT., and let S he- 
the sun's place when twilight commences; draw ZS, PS, 
arcs of great circles; then S is 18° helow the horizon, and 
ZS=108°. In the triangle ZPS are given, ZS=108°, co- 
latitude ZP=35° 24', and polar distance PS=81° 30', to- 
find the hour-angle ZPS=9h. 14m. 16s. Hence twilights 
begins at 2h. 45m. 44s. a.m., and ends at 9h. 14m. 16s. p.m.. 
(the declination being supposed to remain unaltered). 

Prob. 143 (Fig. 89). 

(1st solution.) Let X and Y be the places of the sun at 
the times of the observations ; PX, PY, the polar distances, 
each=66° 34'; and ZX, ZY, the zenith distances=50^ 10" 
and 61° 20' ; and angle XPY=lh. 30m. (the interval between- 
the observations). It is required to find PZ the colatitude, 
and thence the latitude. Draw XY an arc of a great circle. 

(1.) In triangle PXY, given PX, PY, each 66° 34', and 
included angle XPY=lh. 30m., to find XY=20° 37' 21". 

(2.) In triangle PXY, given the three sides,^to find angle 
PYX=85° 28' 30". 

(3.) In triangle ZYX, given the three sides, to find angle 
ZYX=51° 41'. 

(4.) Hence PYZ (=PYX~ZYX)=33° 47' 30". 

Lastly. In triangle PYZ are given, PY, ZY, and in- 
cluded angle PYZ, to find the thu'd side PZ=30° 42' the 
co-lat. . •. latitude=90°-30° 42'=59° 18' K 

(2d solution [fig. 90]). Let X and Y be the places of the- 
sun at the times of observation ; PX, PY, the polar distances* 
(which in this solution is always supposed to be equal). 
Bisect XY in M, and join PM, ZM ; then PM is a)b right 
angles to XY, and therefore the angle PMZ is the comple- 
ment of ZMX ; draw ZE perpendicular to PM. 

Let «! Qo represent the altitudes at X and Y, A the half 
interval MPY between observations, d the decL, and I the 
latitude. 
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Let MX or MY=a;, PM=?/, ZE=w, PE=v^ .-. ME= 
y—v^ Z'M.=::Zj and angle ZMP=:^. 

We have to compute the following arcs: (1) a;; (2) y; 
(S) u; (4) y—y; then subtracting arc (4) from arc (2), v is 
known :* and lastly, knowing u and v in the triangle PZE, 
PZ the co-lat. can be found. 

In triangle PMY...sin. ic=sin. h . cos. d (1) 

sin. t?=cos. 1/ . cos. x .*. cos. 2/=sin. d . sec. a? (2) 

In triangle ZM.E...sin. e*=sin. & . sin. z (a) 

COS. z=cos. (y—v) . COS. u 

.*. COS. {y—v)=^cos.z, sec. u (^) 

To eliminate sin. 6 and cos. z from (a) and (/3), we have 

in the triangle' ZMX and ZMY, 

rrn*-^ . A sin. a,— COS. 2 . cos. x 

COS. ZMX or sm. ^= ^ -. 

sin. z . sm. X 

rr^^T. . , sin. a-o— COS. z . cos. x 

COS. ZMY or — sm. ^= r ; 

sin. z . sm. 0? 

Adding 0=sin. a^+sin. flg— 2 cos. z . cos. a; 

.•. 2 COS. z . COS. ic=2 sin. J(aj+a2) • <^<^s. |(«j— ffo) 

or COS. 2=sin. Kaj + ao) • ^^s. i(«i— «£) • sec. a? 

A • T-x i.- ft • A sin. aj— sin. a^ 

Agam, subtractmg, 2 sm. d=— ^ — — . ^ 

sm. 2/ . sm. X 

••.sin. ^=cos. ^{cii + ct^ . sin. J(ai — ^g) . cosec. 2 . cosec. x 
Substituting these values of sin. and cos. z in (a) and 
(/3), we have, 

sin. «*=cos. iia^ + a^) . sin. K^i^^s) • cosec. x (3) 

cos. (j^— i;)=sin. ^{ai + ao) . cos. $(%— ^g) . sec. x . sec. u (4) 

* If the great circle drawn through X and Y pass, when produced, 
between P and Z, the perpendicular ZE will fall without the triangle 
PZM ; in this case ME=v--y, and v is found by cudding arcs (2) and 
(4) together. Or, since P£ must evidently be less than 90°, and the 
colatitude PZ is always less than 90° (unless the latitude is nothing) ; 
consequently when MP-f ME w equal to or greater tJum 90° PB or v 
cannot be equal to MP+MB ; hence t>=the difference MP—ME ; or 
the difference of arcs (2) and (4) must in s)ich case be taken. 
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Lastly, in the right-angled triangle PZE, 
COS. PZ or sin. Z=cos. u . cos. v. 

From this solution is deduced thfe rule in Navigation, 
Part I. p. 156, for finding the latitude by double altitude; 
observing that in finding y we must take the supplement of 
the arc given by the tables when the lat. and declination are 
of different names. 

From solution 1 is derived the rule for finding the lati- 
tude by double altitude given in Navigation, Part I. p. 142. 
This method is perfectly general, since it may be applied to 
the same or different heavenly bodies, taken at the same or 
different times. The rule obtained from the second solution 
is considered more concise when the same heavenly body is 
observed, if its declination does not alter in the interval be- 
tween the observations ; as when two altitudes of a star are 
taken. It will also give a near approximate latitude from 
two altitudes of the sun ; the declination in this case being 
supposed ta remain invariable, and to be taken out of the 
Nautical Almanac for the middle time between the observa- 
tions. 

Prob. 144 (Fig. 91). 

Proceeding in a similar manner as in solution 1 of last 
problem, we find XY=22° 42' ; PYX=155° 38'; ZYX= 
89° 57' .-. PYZ=:65° 41'; PZ=63° 36' 53", whence lati- 
tude=26° 23' 1" N. 

Prob. 145 a (Fig. 92). 

Let A and B be the two places in the same latitude, PA» 
PB, their meridians. Draw PD at right angles to AB, the 
great circle passiug through the two places ; then PD bisects - 
the angle APB, since AP=BP ; and D is the highest point 
reached by the ship sailing on a great circle from A to B. 
Produce also the meridians to the equator UV, and draw the 
parallel of latitude AD^B. 

(1.) Li right-angled triangle APD, given PA=56° 9', and 
angle APD=half difference of longitude between A and B= 
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68° 5', to find AD=50° 23' 45" and PD=29° 6' .-. lat. of 
D=60° 54', and AB=2 . AD=100° 47' 45", or 6047-5 nau- 
tical miles, the distance between A and B on a great circle. 

(2.) To find the distance ADjB on a parallel of latitude, 
we have (Trig. Part II. p. 80). 

ADiB=UV . cos. AU=diff. long, x cos. lat. 
=8170 COS. 33° 5r=6785 miles. 

whence difference on the two circles= 737*5 nautical miles. 

Prob. 146 (Fig. 93). 

Let A and B represent the two places, PA and PB their 
meridians. Draw the perpendicular PD, then the latitude of 
D is the highest attained by ship. 

(1.) In triangle APB, given PA=56° 9', PB=34° 2', and 
angle APB==140° 27', to find the angle PAB=20° 59' 43''. 

(2.) In right-angled triangle PAD, given PA=56° 9' and 
angle PAB=20° 59' 45", to find PD=17° 18' 45" .\ lat. of 
D=72° 41' 15". 

Prob. 147 (Fig. 83). 

Project this figure on the plane of the celestial meridian 
•of the place. Let P be the pole, EQ the celestial equator, 
7i the zenith, S the place of the sun below the horizon H^, 
PS a circle of declination, and ZS a circle of altitude. 

(1.) In triangle ZPS there are given, SP=90°-|- sun's 
•decl.=100^ 15', PZ the colat.=39° 12', and hour-angle P 
=7h., to find the third 8ideSZ=107° 24'; whence 107° 24' 
— 90°=17° 24' the sun's depression. 

(2.) In the same triangle the three sides are now known, 
hence angle PZS, the azimuth, may be found— -N. 84° 53' W. 

Prob. 148 (Fig. 94). 

Let X and Y represent the two stars on the same circle 
of altitude. It is required to find the azimuth of X and Y, 
or the angle PZX. 

(l.)IntrianglePXY,givenPX=73^49',PY=61°35'34", 
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and included angle XPY=31i. 8m. 27s. (the difference of 
right ascensions), to find angle PXZ=65° 46' 15''. 

(2.) In triangle PXZ, given PX, PZ (the colat.), and 
angle PXZ, to find PZX=104° 55'; whence its supplement 
=S. 75^ 5' W. the bearing required. 

Prob. 149 (Fig. 95). 

Let M and X represent the two bodies on the same verti- 
cal circle ZM ; it is required to find PZ, the colat. of the^ 
place, and thence the latitude. 

(1.) In triangle PXM, given PX=77° 14' 15^ PM= 
91° 42' 30", and included angle XPM=2h. 36m. 12s. (the^ 
difference of right ascensions), to findangle PMZ.=68°23' 15". 

(2.) In triangle PMZ, given PM and ZM the moon's zen. 
dist., and included angle PMZ, to find colat. PZ=70° 4' 22", 
and therefore lat.=19° 55' 38" N. 

Prob. 150 a (Fig. 72). 

Suppose the heavenly body to rise at S and to pass the* 
prime vertical at X, then PS=PX the star's polar distance ; 
and EX= star's altitude when due east =20°. Let a=alt. at 
X; m=amplitude ES=11'^ 15', a;=lat. of spectator, and ^^ 
=decl. of star. 

ThenPS=PX=90°-^,PZ=90°-a;,andZX=90^-a. 
In quadrantal triangle PZS (Rule XIV.) 

sin. ^=cos. X . sin. m (1) 

In right-angled triangle PZX (Eule XIIL) 

sin. ^=sin. x . sin. a (2). 

• •. equating (1) and (2), sin. x . sin. a=cos. x . sin. m 

sin. X sin. m 

or '='- .-.tan. a;=sm. m . cosec. a 

COS. X sin. a 

=sm. 11° 15'. cosec. 20° .-. a;=29° 42' K 

Prob. 151 a. 
Describe fig. to Prob. 107 ; take a distance EX=10° on 
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the prime vertical, then X will be the place of the heavenly 
body when on the prime vertical, and m its place on the- 
meridian. Let XE=a, and ??zS=aj, the given altitudes 
when due east and due south ; Z=lat., and rf=decl. Join 
PX ; in right-angled triangle PZX, 

cos, PX=co8. PZ . COS. ZX, or sin. c?=sin I . sin. a (1)^ 

Now 7=ZQ=Zm+mQ=90°— ai + cZ .-. cZ=Z+ai-90^ 

• '. sin. (Z+a,— 90°) =sin. I . sin. a 
or sin. (Z— 90°— ai)=sin. Z . sin. a 

• •• sin. I . COS. (90°— «i) — COS. Z . sin. (90° — aj)=sin. Z . sin. ck 

or sin. a^— cot. Z . cos. a^=sin. a 

• •. cot. Z . COS. ai=8ui. ttj — sm. a 

=2 COS. i(ai + a) . sin. i(ai--a) 
and since 0^=40°, a=10°, 

• \cot. Z=2 COS. 25°. sin. 15°. sec. 40° whence Z=58° 31' N.. 

Pros. 152 a (Tig. p. 125). 

Let Y and V represent the places of the sun when due- 
west and at six o'clock. a=DjY, the alt. at 6 o'clock ; 0^= 
W Y, alt. when on the prime vertical ; 

.-. ZV=90°-a, and ZY=90°-ai 

Let a;=lat., and y=decl., then PZ=90°— a;, and PV— 
PY=90°-3^. (By Rule XHL) 

In tri. ZPY, cos. (90°-a)=cos. (90°-2/). cos. (90°-a:> 
.'. sin. a=sin. y, sin. x (l). 

Li tri. PZY, cos. (90°— 2/)=cos.(90°-a;) . cos. (90°-aj> 
.'. sin. 2/=sin. x . sin. a^ (2), 

Multiplying (1) and (2) together, and cancelling, we 
have, 

sin. a=8in.2a;. sin. aj, or sin.2aj=:sin. a . cosec. a^ 

which formula determines x; and dividing (1) by (2) we-, 
have, 

sin.^2/=sin. a . sin. a^ whence y may be four 
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Prob. 153 a (Fig. p. 125). 

Let V and D be the places of the body at 6 o'clock and 
^hen setting ; join PD ; then in the triangles PDZ and 
PVZ are given, D^V the alt. at 6 o'clock, and DZP the 
complement of the amplitude, to find the latitude and decL 

Let a=alt. DjY at 6 o'clock, m=amplitude WD, a;= 
lat.=90°-PZ, 3^=decl.=complement of PV or PD. 

Then in triangle PDZ . . sin. y=cos. x . sin. m ... (1) 
„ „ PVZ . . sin. a=sin. y . sin. x ... (2) 

Multiplying, and cancelling, 

sin. a=sin. x . cos. x . sin. m= J sin. 2x . sin. m 
. •. sin. 2a;=2 sin. a . cosec. m 

whence 2a;=84°, or 96° (the suppl.) and a;=42°, or 48°. 
Substituting these values of x in (1), we have ?/=22° 20' 
or 20° 

Prob. 154 a (Fig. p. 125). 

• Let V and D be the places of the body at 6 o'clock and 
■when setting ; join PD. 

Let A=hour-angle DPZ when setting,. a=alt. DjV at 
•6 o'clock, a;=lat.=90°— PZ,2^=decl.=compl. of PD or PV. 

Then (Rules XIV and XIII). 

COS. A= — tan. y . tan. x (1) 

sin. a = sin. y . sin a; .' (2) 

_ ,, , . sin. y . sin. x sin. a ,_ ^, 

From (1) COS. h= = (by 2) 

^ ' COS. y , COS. X COS. y . cos. x ^ '' ^ 

. •. COS. y . COS. X . cos. 7i= — sin. a 

and COS. y . cos. a;=— sin. a . sec. h 
But by (2) . . sin. y . sin. a;=sin. a 

-Adding and subtracting, we have 

COS. a;. COS. 2^+ sin. x . sin. 2/=sin. a . (1— sec, h) 
cos. ic. COS. 2/— sin. x . sin. 2/=sin. a . (1 +sec. h) 

or cos. (x— 2/)=si^- ^ • (1 —sec. h) ... (3) 
COS. (x+y)= —sin. a . (1 + sec. h) (4) 
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To reduce (3) and (4) to a logarithmic form. 

, . . /, 1 \ sin. a. (cos. 7i— 1) 

cos.(a?— v)=sm.a.( 1 r )= ^^ — ^ 

^ ^' \ COS. h/ COS. h 

=—2 sin. a . sin.-7^ . sec. 7i (5)- 

/ . V . /- 1 \ sin. a. (cos. 7i+l) 

h 
= --2 sin. a. cos. 2- . sec. A (6)^ 

From equations (5) and (6) the values of ar— •?/ and a+y- 
may be determined, and thence x and y. 

Prob. 155 a (Fig. p. 125). 

Let 7i=hour-angle at setting, as at D, Aj=hour-angle at. 
Y on prime vertical, a;=lat., 2/=decl. 

Then cos. 7i=— tan. x . tan. y (1) 

COS. 7ij=cot. X . tan. y (2} 

•r^. .1. /^v , y«. COS. h tan. x , „ 

Dmd^g (1) by (2). _-^=-_^=_tan.% 

or tan.2aj= — cos. h . sec. h ; which equation determines the- 
value of x; and multiplying (1) and (2) together, we have 
tan.2y= —COS. h . cos. A^, whence the declination can be 
found. 

Prob. 156 a (Fig. p. 125). 

Let A=hour-angle at setting, i^j=hour-angle when west^ 
/=interval .-. ^=A— A^, e?=decl., a;=latitude. 

cos. ^=cos. (A— Aj)=cos. h . COS. A,+sin. h . sin. h^ (1} 

By Kule XIV. . . cos. 7i=— tan. a; . tan. cZ (2). 

• . .. XIIL . . COS. 7ij=cot. a? . tan. (i (3). 

Multiplying (2) and (3). . cos. h . cos. Aj=:— tan.- d • 
or 2 cos. h . cos. h^= — 2 tan.^ d 
Subtracting equation (1) from this equation, 
cos. h . cos. h^ — sin. 7i. sin. Aj=— cos. t—2 tan.^ d 
.-. —cos. {h+h^)=cos. t+2 tan.2 d 
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This equation determines the value ofJi + h^, the sum of 
the hour-angles; having this, and the difference, the angles 
h and /?j, and thence the latitude x, may be found. The 
operation is as follows : 

To find value of —cos. (/i-f-^J=cos. t-{-2 tan.^ d. 
tab. log. COS. ^=9-864304 .-. log. cos. ^=1-864304: 
.'. cos. ^=73165. 
To find value of 2 tan.2 d. 

log. (2 tan.2 c^)=log. 2 + 2 log. tan. cZ— 20=1-423162 
.-. 2 tan.2 c?=-26495 
-COS. (7i+7ii)=-73165 + -26495=-9966 
•angle corresponding to log. of this in tables=0^ 18" 54'. 

JSTow, since the cos. (h + Ji^) is negative, the value oih+h^ 
must be either 12"- 18" 54" or 12^+18" 54". 

that is 7i+7i,=ll'^ 41- 6' or 12" 18" 54' 

and since ^—A^= 2 51 54 „ 2 51 54 

.-. 2^=14 33 or 15 10 48 

andA= 7 16 30 „ 7 35 24 

With the first value of h the lat.=42° 

other =48 nearly. 

Prob. 157a(Fig.p.l25). 

Let Z=angle PZY, the azimuth at 6 o'clock; »i=ampli- 
liude WD, e?=decl., Z=lat. ; then 

Eule XIV sin. c?=cos. I . sin. m 

XIII, COS. Z=cot. d, cot. Z 

Multiplying, sin. d . cos. Z=cos. I . sin. m . cot. d . cot. Z 
. • . sin.2 6?= sin. m . cot. Z . cos. d 
or 1 - COS.* cZ=sin. m . cot. Z . cos. d 
whence cos.^ 6?+ sin. w . cot. Z . cos. d=l 
<]Jompleting square, and extracting the root, 

cos. cZ=— ^sin. m. cot. Z + | x/sinTnTTcotTZ+i 
'=-.006224+l-00193=-93969 
.• . tab. log. COS. ^=9-972984 . •. d=^20^ 
and thence I may be found. 
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PROB. 158 a (Fig. p. 125), 
Let a=altitude at 6 o'clock, m=ineridian altitude, d and 
i the decl. and lat. 

Then since lat. (QZ)=mer. zen. dist. (Zwi) + decl. (mQ) (see 
•construction of fig. to Prob. 107)' 

orZ=90°-m + e? .'. c?=Z+m-90° 

.-. sin. c^=sin. (Z+m— 90°)= -sin. (90°— Z+w) 
= — COS. (l+m) 
But sin. a=sin. L sin. (i=— sin. Z.cos. (l+m) 
or 2 sin. Z. cos. (Z+m)=— 2 sin. a 
.•. sin. (2Z4-w)-sin. m=— 2 sin. a 
or sin. (2Z+m)=sin. m~2 sin. a. 

Calculation. 

log. sin. m .1*945935 .-. nat. sine 0*88295 

„ sin. a T-405141 .-. nat. sine 0*25418 

.*. sin. m~2 sin. a=0*37459=nat. sin. (2Z+m) 
.-. tab. log. sin. (2Z+w)=9*573556 
. •. 2Z+m=158° (suppl. of 22°) 
"wrhence Z=48° JS". 

Prob. 159 a (Fig. p. 125). 
Let a=ineridian alt., A=hour-angle at lising or setting, 
^Zz=decl., Z=latitude. 

:•. cZ=Z-mer. zen. dist. =Z- 90°— a=Z+ a -90°. 
/ In triangle PZD . . cos. 7a = — tan. d . tan. Z 

= — tan. (Z+a— 90°) . tan. Z= — tan. - (90°— Z+o) . tan. I 
=:tan. (90°--ZTa) . tan. Z=cot. (l+a) . tan. I 
cos. (l+a) . sin. 7 
~~sin. (l+a), COS. Z 
cos. 7i-|-l__cos. (l+a) . sin Z + sin. (l+a). cos. I 
COS. /i— 1 "~cos. (l+a). sin. I —sin. (l + a), cos. I 

2 COS.^^r . /^, X , 

-. .A -sin a. 2 ^ ' 

-2sm.2g 
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whence 2Z+a=29° 13', or 150° 47' (its supplement). Tak- 
ing this last value, 2Z=94° 47' .-. Z=47° 23' 30" 

To avoid the ambiguity arising from obtaining the value- 
of 2Z+a in tenns of the sine, let z=90°—a the zenith dist.,. 
then d=^l—z 

,'. COS. A=— tan. d . tan. Z=— tan. (J—z) . tan. I 

— 2 sin. (l—z) . sin. I cos. (2Z— z)— cos. z 

2 cos. (l—z) . cos. I cos. {2l—z) + coa. z 

COS. 7^+l COS. (2Z— 2) .^^ . ,Ji 

• •. ; == ^ or COS. (2Z--:^) = cos. z . cot.^^ 

COS. /i— 1 —COS. z ^ ^ 3 

from which equation the value of I may be obtained free from 
ambiguity. 

Prob. 160a(Fig. p. 125). 
Let /i=hour-angle at setting, 7i,=]^our-angle when west.. 

By Kule XIV cos. h =— tan. Z . tain, d 

.... XIII cos. h=cot I . tan. d 

adding, cos. /i+cos. /i^=(cot. Z— tan. Z) .tan. d 
subtracting, cos. A — cos. //,=— (tan. Z+cot. Z) . tan. d, 

/. . ,. cos. h + co8. 7i, cot. Z— tan. Z 

dividing, COS. A -cos. A ~""tan. Z+cot. I 



or 



COS. A + cos. h, cot. Z — tan. Z 

-(cos. /i — COS. /i^)""tan. Z+cot. Z 



2 COS. K^ + A,).co8. ^(h-h,) ^ l—ta,TiM _ 
•*• 2 sin. •i(/i + /g . sin. |(A--/ij""tan.2Z+l""^°^ 
or cot. i{h + h) . cot. |(7i— A,)=cos.2Z 

. •. cot. ^(7i+A^)=cos. 2Z .tan. ^(h—h,) 

which equation determines J(A + A,), and with ^{h — h) already 
known, the angles h and h^ may be found, and thence by 
Rule Xm. we can find d. 

Prob. 161 a (Fig. 96). 
Suppose the heavenly body to rise at S, and to describe 
the parallel of declination SX. Let a circle of altitude ZO 
touch the parallel SX at X ; then X is the point where the 
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IN NAUTICAL ASTRONOMY. 233 

azimuth is the greatest; the azimuth increasing from the 
point S, where the heavenly body rose, to X, and beginning 
to decrease after passing X. The angle PXZ is evidently a 
right angle ; whence the required azimuth, hour, and altitude 
may all be found from the right-angled triangle PZX. 

(1.) To find greatest azimuth PZX. 
"COS. e?=cos. Z.sin. az. .*. sin. az.=co8. ^.sec. I 

<2.) To find the hour-angle ZPX, or h. 
cos. 7i.=cot. d . tan. L 

<3.) To find altitude XO or a. 
sin. Z=sin. d . sin. a . •. sin. a=sin. I , cosec, d 



Prob. 162 a (Fig. 96). 

The preceding problem furnishes an explanation of the 
fact, that when the sun's declination is greater than the lati- 
tude of a place, and of the same name with it, the shadow of 
an upright object on a horizontal plane goes backward each 
day during a certain period, which may be computed, as well 
as the arc through which it goes back. 

At the point X the sun appears stationary in azimuth. 
PZS is its bearing when rising, PZO its bearing at point X. 
The angle SZO or arc SO will therefore denote the number 
of degrees the bearing has increased from sun rising, or that 
the shadow of the object has gone back; and the period 
during which the retrograde motion has taken place will be 
measured by the angle SPX. 

(1.) To find bearing PZS at rising. 
In triangle PZS, sin. cZ=cos. I . cos. PZS 

whence PZS=64° 55' 30" 

By last prob. PZX= 77 28 
• •. shadow goes back= 12 32 30 
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234 SOLUTION'S OF PROBLEMS 

(2.) To find hour^angle ZPS at rising. 

- + + 
In triangle PZS, cos. ZPS=— tan. I , tan. d 

.•.ZPS=6h. 36m, 228. 
by last prob. ZPX= 2 12 7 

. •. time of shadow's going back =4 24 15 

Prob. 163 a (Fig. 97). 

(1st solution.) Let S and M be the respective places of 
the sun and moon at the time of observation; d and— cf the 
decl. of sun and moon respectively ; that of the moon being 
taken negatively, since the bodies are on different sides of the 
equator ; h and /i, their hour-angles. 

Then h—h =l}i. 53m. 42s. 

In triangle ZPS, cos. h = — tan. ? . tan. d (1) 

In triangle ZPM, cos. 7i^=— tan. I . tan. (—d^) 

=tan. Z. tan. d^ (2) 

J* -J* /o\ -L /i\ COS. A tan. cZ 
dividing (2) by (l),;^3^'=^^^ 

COS. 7i, + cos. h tan. d, — tan. d 

Qp i ^ i. 

COS. 7i, — COS. A tan. 6?,+ tan, (i 

2 COS. |(/^,-f-70 • COS. J(^,— 7i)_sin. d^. cos. d[— cos. d,. sin. d 
— 2sin.J(Z{^+/i).sin.^(/i^— A) sin. d^, cos.d— cos. d,, sin. d 

or -cot. W'.+^) • cot. iQ,-k)='^^^ 

.-. cot. |(/i,+7?.)=— sin. (d^—d) . cosec. {d,+d) . tan.-^(7i,— 7t) 
=sin. {d,—d) . cosec. (d^+d) . tan. ^h—k,) 

whence ^(A/+7i)=5h. 53m. 29s. 

and since ^(h—h)=0 56 51 

.-. A=6 50 20 
hence app. time=12h.— 6h. 50m, 20s.=5h. 9m. 408. a.m. 

— + + 
To find lat. Z. cos. A= -tan. 7 . tan. d 

or tan. Z=cos. A . cot. cZ .-. Z=50° 18' 20" K 
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IN NAUTICAL ASTRONOMY. 235 

(2d solution.) More easily, thus : 

(1.) In triangle PMS, given PS, PM, and included angle 
SPM, to find angle PSM=:128p 33' 30". 

(2.) In right-angled triangle NPS, given PS and angle 
PSN (supplement of PSM), to find lat. :NrP=50° 18' 20" K 

Prob. 164 a. 

Let h and h^ denote the hour-angles of the sun at rising 
or setting at the two places : then since it rises* and sets at 
the same instant of absolute time at the two places, the differ- 
ence of the hour-angles h and h, or li—h^ must he equal to 
the difference of their reckoning of time, or to their difference 
of long, (in time)=28° 46'. 

Let I and — Z, denote the latitudes of Dublin and Per- 
namhuco : the latitudes being affected with different signs, 
since the places are on opposite sides of the equator. 

Then cos. 7i=--tan. I . tan. d I.. (1) 

cos. 7i,=— tan. {—I) . tan. c?=tan. 7^. tan. c^ (2) 

cos. h tan. Z cos. ^,-{-cos. h tan. 7,— tan. I 
• ■— or = 



' cos. h, —tan. I J cos. A^ — cos. h tan. Z,+tan. I 

.'. COS. \{h,-^h) , COS. \{h,—li) sin. (7,— 7)_ —sin. (7—7,) 

— sin.^(A,-f 7i).sin.^(7z^— 7i) sin. {l, + l)~^ sin. (/+7J 
or cot. ^(7?,-h7i)=— sin. {I— I) . cosec. (7 + 7^) . tan. ^{h—h) 

This equation determines half the sum of the hour-angles= 
101° 40' 30", and thence, with h—h, abeady known, the 
values of h or 7^^, and by (1) the declination c7=18° 6'. Then 
the days on which the declination of the sun is the value of 
d thus found will be those required. 

Prob. 165 a. 

Let be the center of a square ABCD, each of whose 
sides is 300 feet; draw obelisk OP perpendicular to the 
plane of ABCD, and make it equal to 60 feet ; join AO 
and AP ; then the angle PAO measures the altitude of the 
sun when the shadow AO of obelisk reaches to A the comer 
of the square. 
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To find the angle PAO. 

Draw OE perpendicular to AD ; then AE=EO= JAD= 
150 feet. 

.-. AO=AEv'2=:150x/2. 

and tan. FAO=.^=j^^==^^^2=f=-2^2 

whence angle PA0=15° 47' 30", the sun's altitude. 

Prob. 166 a (Fig. 98). 

Let ZQH represent the celestial meridian, H the horizon^ 
Z the zenith, Q the equator, S' and S the places of the sun 
on the longest and shortest days. 

Then ZQ=lat. (x), and QH=90°— x 
SQ=S'Q=decl. (d)=23^ 28' 

Let NG (the shadow of object P^ when sun is at 8')=?/ ; 
then NO (its shadow when at &)=z7y. 

Now angle NPC or arc ZS =x+d 
and angle NPG or arc ZS'=x—d 

In triangle NPC . . 72/=PN . tan. NPC=PN . ta,n.(x+d) 

.. .. NPG.. s^=PN. tan.NPG=PN.tan.(ar-4 

tan. (a;+d)__sin. 2a;+sin. 2i? 

° ** ""tan. (ic — c/)"~"8in. 2ic— sin. 2d 

8 4 sin. 2x . ^ 4 . ^ , 

.*. v. or ^=:^ — ^r-, or sin. 2x=^7, sm. 2d 
3 sm. 2d 3 

whence a;=38° 27' 45"=lat. 

Prob. 167 a (Fig. 98). 

Let NG=a:, NC=y, Z=lat., c?=decl. 

then a;=PN . tan. (I - d), y=VN • tan. (Z + d) 

?/__tan. (Z + ^)_sin. 2Z+sin. 2d 

• • a;"~tan. (Z— d)"~sin. 2Z— sin. 2d 

s in. 90°+ 8in._3j)°_ l+i_3 

""sin. 90° -sin. 30°'"1-|'^1 



OT y : X : : 3 : 1. 
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IN NAUTICAL ASTRONOMY. 237 

Pros. 168 a. 

In fig, 98, if S' be the place of the sun, and BTG the 
shadow of object PIS', then 

PiN" 3 

jjQ=R=tan. PG!N"=tan. sun's alt.=*6 

.-. log. tan. alt.=9^778151 .-. alt.=30° 58'. 

Then in triangle PZX (fig. 73), the three sides are given, 
viz. PZ=56° 30', PX=79° 45', andZX=:59° 2', to compute 
the hour-angle ZPX, or h ; hence 7i=3h. 58m. 4s. 



Prob. 169 a (Fig. 99). 

Let AB represent the shadow of perpendicular stick AD, 
and AC its shadow when the stick is placed in the position 
AT perpendicular to ray SC, in which position it will mani- 
festly throw the greatest shadow. [N'ow the dist.ance of S is 
so great compared with BC that the angle BSC has no as- 
signable magnitude, and the rays SB, SC may therefore be 
considered parallel, or the angle ABD= angle ACT=:sun's 
altitude required. 

In triangle ABD . . AD =AB . tan. alt. =4 tan. alt. 
In ATC . . AT=AD=AC . sin. alt.=5 sin. alt. 
,'.5 sin. alt. =4 tan. alt. =4 sin. alt. . sec. alt. 

.*. sec. alt. =f= 1-25 
log. sec. alt.=10096910, .-. alt.=36° 52' 15". 

Prob. 170 a (Fig. 100). 

Let A be the observer, B the shadow of cloud, C and D 
the place of cloud and sun. Since the distance AB will 
subtend no sensible angle at the sun, the rays AD and BD 
may be considered parallel, and angle CBE=DAB=sun's 
alt. =22°, and the angle of elevation of cloud=20°. There- 
fore ACB=:2°. 



AB sin. 2° " ' sin. 
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In right-angled triangle CBE . . CE=CB . sin. 22° 
.-. CE=AB . sin.. 20^ . sin. 22° . cosec. 2°=1468. 

Prob. 171 a (Fig. 101). 

Let 7i denote the hour-angle of the sun at rising, or half 
the length of the day ; and since the meridian altitude is less 
than the latitude, the declination mu&t be of a different name 
to latitude, or south. 

In quadrantal triangle PZS, cos. h= —tan. I . cot.(90° + d) 
=tan. I . tan. df=tan. d, since tan. Z=tan. 45°= 1. 

.•. cos. 7^=tan. (z^l) if 2=zen. dist. 

tan. 2J— tan. I tan. z — 1 

""l + tan. z . tan. I tan. 2-fl 

cos. h + 1 ^ 1-f cos. h ^ 

.*. 1 — 7=— tan. z, or -^ r=itan. z 

COS. A— 1 1— cos. h 

.-. cot.2|=:tan. 2=cot. alt.=cot. 30°= V 3 
hence cot. ^ = V ^ ^^^ tan. ^ =Tp> 

Prob. 172 a. 

Let 0=zenith dist. .'.2:= 2? 
and (fig. 66) z=l-\-d .-. 21=1 + d or l=:id. 
In triangle PZS (fig. 101), cos. 7i=— tan. I . cot. (90°H-c?) 
=tan. I , tan. d^=ta.n.H 
.-. tan.2Z=cos. 7h., whence Z=26° 58'. 

Prob. 173 a (Fig. p. 125). 

Suppose Do the place where the star rose ; draw PDg and 
ZDgj let ^=hour-angle, and 2r=meridian zenith distance, 
Z=lat., and d=decl. Then 

COS. A= — tan. I . tan. 6?= — tan. d since Z=45° 
but d=l—z .*. cos. A=— tan. (l—z) 

_ tan. Z — tan. 2r tan. -s:— 1 

"~ 1 H-tan. Z . tan. z tan. 2; -4^4 y 
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IN NAUTICAL ASTRONOMY. 239 

COS. ^+1 . . ,, 

or 7 — r=— tan. 2±=— cot. alt. 

COS. h—l 

. •. cot. alt.=cot22=cot.2 60^=g . •. tan. alt. =3. 



Prob. 174 a (Fig. 102). 

Let S, be the apparent place of the sun when its upper 

limb touches the horizon, S its apparent place when lower 

limb touches horizon ; then angle S,PS measures the time 

elapsed between the upper and lower limbs being in horizon. 

S,PS=ZPS,-ZPS. 

(1) In triangle ZPS,, given ZP=40°, ZS =90° 16', and 
PS,=84° 22' .-. angle ZPS =6h. 28m. 41s. 

(2) In triangle ZPS, given ZP=40^ ZS=90°-16'= 
89^ 44', aud PS=84° 22' . •. ZPS=6h. 25m. 22s. 

.-. angle S,PS=3m. 19s. 

Prob. 175 a (Fig. 103). 

Let AB represent the arc of the parallel of decl. described 

by sun's center, P the pole of the heavens ; then considering 

the triangle APB as a sphierical triangle (which may be done 

in this case, since arc AB being small does not differ much 

from the corresponding arc of a great circle), we have the 

three sides of APB given to find the angle P, the time of 

semidiameter passing meridian. !N"ow {Trig. Part II. p. 62) 

p ^ 

8in.V=cosec. AP.coseo.PB . 8in.K AB+ AP- PB) . sin.KAB - AP- PB). 

=cosec.2 AP . sin.2 AB since AP=BP 

P 

.'. sin. H=sec. d . sin. 8' 8*6" and P=lm. lis. nearly. 

Or thus ; Let AB represent an arc of a small circle equal 
in length to the sun's semidiameter, A the sun's center. 
Through A and B draw circles of declination PU, PY, cut- 
ting the equator in U and V ; then the time of the point A 
describing the arc AB will be measured by the arc UV, or 
the angle UPV. 
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Kow(Trig. Part 11. p. 80)UV=ABsec.AU=16' 17-3".sec. d 

977*3 
or arc UV (in time) ss-y^ -sec. c?=liii. 10*22s. 

(tliis is independent of the sun's apparent motion &om west 
to east). 

Prob. 176 a (Fig. 104). 

Let A be the first station of ship,B the second, and C the 
point of land. 

(1) In triangle ABC, given AB=6 miles, angle CAB (the 
difference of bearing between C and B)=2 points, and angle 
ACB=4J points, to find AC. 

(5) Draw AD due east, and CD at right angles to it, then 
CD ^difference of latitude between A and C, and (considering 
ADC as a right-angled plane triangle) CD=AC . sin. CAD 
=AC . sin. 4 points=5' 15" 

.-. lat. of C=59'° 6' + 5' 15''=59^ 11' 15" 

also (the triangle ADC being isosceles) AD =5' 15" 

To find the difference of longitude between A and C, we 
have (2\rav. p. 43) AD=diff. long. . cos. lat. A, whence diff. 
long.=10' 13" E. 

.-. long, of C=6° 15'+ 10' 13-^=6° 25' 13" E. 



Prob. 177 a (Fig. 97), 

Let S and M be the places of sun rising on the longest 
and shortest days, 

7i ==hour-angle of sun at S, 

/'.,= M; 

then 2 (A —A,) —difference in length of day. 

In triangle ZPS . . cos. 7i= — tan. d,ta,n. I (1) 

...' ZPM..cos.7i,= +tan. cZ.tan. I (2) 

.*. cos. ^=— COS. 7/^=cos. (12h.— ^,) .*. ^=12— A^ 
or /i — A^ = 1 2 — 2 A^ = J difference required. 

Now in (2), COS. ^,=tan. rf.tan. Z=tan. e?, since Z=45° 
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Calculation, 

log. tan. d 9-637611 =log. cos. h, 

.-. A,=4h. 17m. 5s., and 2^,=8b. 34m. 10s. 
.-. ^— ^^=(12--2/i,) =3h. 25m. 50s. 
and difference in length of days=6h. 51m. 40s. 

Prob. 178 a (Fig. 97). 
Let 7i=hour-angle of the sun at S, 

h, M .-. 7i=7i, + 3. 

In triangle ZPS cos. (/i^ + 3)= — tan. c^.tan. 1 (1> 

ZPM cos. A,=tan. rf.tan. I (2) 

.*. cos. (/t, + 3)=— COS. 7i,=cos. (12— ^,) 
.-. 7^, + 3=12-7^,or A =4h. 30m.; whence by (2), Z=4r 24'. 

Prob. 179 a. 

Let h and h, be the hour-angles ; then h — ^,=lh. 

d and d, the decL at these times, viz. 20° and 10° 

then cos. 7i=--tan. Z. tan. d (1) 

COS. ^,=— tan. Z. tan. c^, (2) 

COS. h tan. d cos. ^ + cos. h, tan. cZ + tan. d 

,•, =: or := ■ ' 

COS. h, tan. d^ cos. ^— cos. h, tan. tZ— tan. d^ 

2 COS. \{h-^h). cos. |(^— A^)_ sin. { d-\-d) 
— 2 sin. \{h + h) . sin. \{h — /i,)~'sin. (d—d) 

. /, , V w, 7 V sin. 30° 

.-. -cot. i(^ + 70 . cot. i(^-^)=g-^77o-o 

- + + + 

.-. —cot. i(7i + Aj=tan. 7° 30'. sin. 30° . cosec. 10° 
whence i(/i+^,)=7h. 23m. 3s. 
and |(fe-;^j= 30 
,-.7i=7 53 3 
with this value of A, the lat. (by 1)=52° 27' X. 



Prob. 180 a (Fig. 97). 
Let h be the hour-angle of sun at S, 

Ji M-.-.A=37^ 
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then COS. A=— tan. / . tan. d (1) 

COS. 7/^=+tan. I . tan. d (2) 

.•. COS. A=— COS. A,=cos. (12h. -7i,) 
.•.7i=12-7i, or37i,=12-^, .-.4^=12 
and h=B hours; whence, by (2), Z=58^ 27' K 

Prob. 181 a. 

3 

Let h and 7i^ be the hour-angles, then h,^=^-=li 

and COS. 7i=— tan. d . tan. /, cos. 7i^=tan. d . tan. I 

3 
.'. COS. 7i=— COS. A^=cos. (12— 7i^) .*. ^=12-^^=12 — ^7* 

.-. -/^=12 and A=?=7h. 30m. 
o o 

with this value of h the lat.=41° 24' N. 

Prob. 182 (Fig. 105.) 
Let A be the place sailed froin, B the place arrived at ; 
the arc AA^=arc A,B=a, and BC=& ; EQ the arc of equa- 
tor between meridians of A and A^. 
Let a?=lat. of A ; then a;— a=lat. of B. Trig. Part II. p. 80, 

EQ=EQ='^^'- BQ=cos. (or-a); ^=3^=cos. AE 

h a h. cos. (ar— a) 

=cos. X . •. 7 : = or -= = 

cos. (x—a) cos. X a cos. x 

COS. X . COS. a+sin. x . sin. a 
=cos. a+tan. x . sin. a 

COS. x 

h 

— cos. a 
a 

. • . — -. =tan. X 

sm. a 

Calculation, 

1-5- cos. P40' 
5=150, a=100. tan. a;= — ^^^b Jq/— 

log. COS. 1*=^ 40' . . r99&816 .-. cos. 1° 40' . . -9994 

tan. x=. \r^ jr^y =-5006 . cosec. 1° 40' 
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.•.rcorlat.A=86°40'30^:N' 

difference of lat.= 1 40 S. 

lat. of B reqtiired=85 30 N. 

' Pbob. 183 (Fig. 106. Add to fig. the Hnes OX and PS). 

Let XZ be the apparent zenith distance of sun, SZ the 
true zenith distance of sun, the object whose bearing is 
required. 

(1.) First suppose to be the horizon. 

In quadrantal triangle ZOX there are given, OX the ob- 
served distance of object from sun, ZX the observed zenith 
distance, and OZ=90°, to find the angle OZX. 

(2.) In triangle PZS are given, PZ the co-lat., PS the 
polar distance of sun, and ZS the true zenith dist., to find the 
true bearing of sun, or the angle PZX. 

The sum or difference of the two angles thus found, ac- 
cording to the position of the object with respect to the sun, 
will be the bearing PZO of object required. 

Calculation. 

(1.) To find angle OZX. 

app.alt.8un*s 1. 1. ... 10° 30' 0" ob. dist. n. 1 95° 16' 0" 

index corr 50— in cor 1 10+ 



10 29 10 95 17 10 

fiemi 15 45 semi 15 45 



10 44 55 OX 95 32 65 

dip 3 41 In quadrantal triangle ZXO, 



COS. OX=sin. ZX .COS. OZX 



app,alt.8mn'8 center . 10 41 14 or — + 

cor.forrefraction,&c. 4 50 oo8.0X.8ec.app.alt.=co8,OZX 



tnie alt. sun's center 10 36 24 



cos. OX 8-986491 

sec. app. alt 0*007600 

180° 0' 

84 21 8-993091 



OZX= 95 39 
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(2.) To find PZS. 

lat....'. 7^51' 0* 0-004089 

tr. alt 10 36 24 0-007487 

2 45 24 4-926411 

pol. dist 112 24 4^912410 

115 9 24 9-850397' 

109 38 36 .-. PZ8 114° 39' 30^ 

and QZX 95 39 
bearing of point . . N. 19 30 W. 
(2.) In the preceding example suppose to be the sum- 
mit of a mountain whose elevation is 10°; it is required to 
find the true bearing of the point 0. In the preceding cal- 
culation, to find angle OZX we must substitute the zenith 
distance (80°) of the point for the quadrantal arc OZ in 
last example. We have then three sides given of the triangle 
OZX, to find as before the angle OZX. 

Calculation. 
ZO.. 80° 0' O'' 0-006649 

ZX . . 7 9 18 46 0007594 

41 14 4-871860 

OX . . 95 32 55 4 867153 

96 14 9 9-753256 

94 51 41 OZX... 97° 39' 

and PZS 114 39 
bearing of mountain ... N. 1 7 W. 



THE END. 
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